
An introduction to SciML

VICTORITA DOLEAN

CASA – M&CS

















Importance of PDEs

Reaction-diffusion equation
Source: Kondo and Miura, Science (2010)

Einstein field equations

Source: The Event Horizon Telescope (2019)

Source: NOAA

Navier-Stokes equations

Schrödinger equation
Source: Wikipedia





































How Deep Learning can help?



















Introduction to DL

VICTORITA DOLEAN

CASA – M&CS



























































































PINNs and their limitations
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What is a PINN?
Damped harmonic oscillator:

𝑚
𝑑2𝑢

𝑑𝑡2
+ 𝜇

𝑑𝑢

𝑑𝑡
+ 𝑘𝑢 = 0

Initial conditions:
𝑢 𝑡 = 0 = 1
𝑢𝑡 𝑡 = 0 = 0

𝑢 = displacement
𝑚 = mass of oscillator
𝜇 = coefficient of friction
𝑘 = spring constant

Key idea: use a neural network to directly 
approximate the solution

𝑁𝑁 𝑡; 𝜃 ≈ 𝑢(𝑡)

𝑡 𝑁𝑁 𝑡; 𝜃 ≈ 𝑢(𝑡)

Train the network using the loss function:

𝐿 𝜃 = 𝜆1 𝑁𝑁 𝑡 = 0; 𝜃 − 1 2

+ 𝜆2
𝑑𝑁𝑁

𝑑𝑡
𝑡 = 0; 𝜃 − 0

2

+
1

𝑁𝑝
෍

𝑖

𝑁𝑝

𝑚
𝑑2

𝑑𝑡2
+ 𝜇

𝑑

𝑑𝑡
+ 𝑘 𝑁𝑁 𝑡𝑖; 𝜃

2

Raissi et al, Physics-informed neural networks: A deep learning framework for solving forward and inverse problems 
involving nonlinear partial differential equations, JCP (2018)
Lagaris et al, Artificial neural networks for solving ordinary and partial differential equations, IEEE (1998)



Given a PDE and its boundary/initial conditions

𝒟 𝑢(𝑥) = 𝑓 𝑥 , 𝑥 ∈ Ω ⊂ ℝ𝑑

ℬ𝑘 𝑢(𝑥) = 𝑔𝑘 𝑥 , 𝑥 ∈ Γ𝑘 ⊂ 𝜕Ω

Where 𝒟 is some differential operator, ℬ𝑘 are a set of 
boundary operators, and 𝑢(𝑥) is the solution to the PDE 

PINNs train a neural network to approximate the solution 
to the PDE 𝑁𝑁 𝑥; 𝜃 ≈ 𝑢(𝑥) using the following loss 
function:

𝐿 𝜃 = 𝐿𝑏 𝜃 + 𝐿𝑝 𝜃

𝐿𝑏 𝜃 =෍

𝑘

𝜆𝑘
𝑁𝑏𝑘

෍

𝑗

𝑁𝑏𝑘

ℬ𝑘 𝑁𝑁(𝑥𝑘𝑗; 𝜃) − 𝑔𝑘(𝑥𝑘𝑗)
2

𝐿𝑝 𝜃 =
1

𝑁𝑝
෍

𝑖

𝑁𝑝

𝒟 𝑁𝑁 𝑥𝑖; 𝜃 − 𝑓 𝑥𝑖
2

PINNs are a general framework for solving PDEs

For example, the 1+1D viscous Burgers’ equation:

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
− 𝜈

𝜕2𝑢

𝜕𝑥2
= 0

𝑢 𝑥, 0 = − sin 𝜋𝑥
𝑢 −1, 𝑡 = 𝑢 +1, 𝑡 = 0

𝑢(𝑥, 𝑡) ≈ 𝑁𝑁 𝑥, 𝑡; 𝜃

𝐿𝑏 𝜃 =
𝜆1
𝑁𝑏1

෍

𝑗

𝑁𝑏1

𝑁𝑁 𝑥𝑗, 0; 𝜃 + sin(𝜋𝑥𝑗)
2

+
𝜆2
𝑁𝑏2

෍

𝑘

𝑁𝑏2

𝑁𝑁 −1, 𝑡𝑘; 𝜃 − 0 2

+
𝜆3
𝑁𝑏3

෍

𝑙

𝑁𝑏3

𝑁𝑁 +1, 𝑡𝑙; 𝜃 − 0 2

𝐿𝑝 𝜃 =
1

𝑁𝑝
෍

𝑖

𝑁𝑝
𝜕𝑁𝑁

𝜕𝑡
+ 𝑁𝑁

𝜕𝑁𝑁

𝜕𝑥
− 𝜈

𝜕2𝑁𝑁

𝜕𝑥2
𝑥𝑖 , 𝑡𝑖; 𝜃

2



PINNs for solving viscous Burgers’ equation
𝐿𝑏 𝜃 =

𝜆1
𝑁𝑏1

෍

𝑗

𝑁𝑏1

𝑁𝑁 𝑥𝑗, 0; 𝜃 + sin(𝜋𝑥𝑗)
2

+
𝜆2
𝑁𝑏2

෍

𝑘

𝑁𝑏2

𝑁𝑁 −1, 𝑡𝑘; 𝜃 − 0 2

+
𝜆3
𝑁𝑏3

෍

𝑙

𝑁𝑏3

𝑁𝑁 +1, 𝑡𝑙; 𝜃 − 0 2

𝐿𝑝 𝜃

=
1

𝑁𝑝
෍

𝑖

𝑁𝑝
𝜕𝑁𝑁

𝜕𝑡
+ 𝑁𝑁

𝜕𝑁𝑁

𝜕𝑥
− 𝜈

𝜕2𝑁𝑁

𝜕𝑥2
𝑥𝑖 , 𝑡𝑖; 𝜃

2

𝜈 = 0.01/𝜋
𝑁𝑝 = 10,000 (Latin hypercube sampling)
𝑁𝑏1 + 𝑁𝑏2 + 𝑁𝑏3 = 100
Fully connected network with 9 layers, 20 hidden units 
(3021 free parameters)
Tanh activation function
L-BFGS optimiser



PINNs – an entire research field

Source: Scopus keyword search (Feb 2024)

• The basic concepts behind PINNs were introduced in the 1990s (Lagaris et al, IEEE (1998) and others)

• Raissi et al, JCP (2019) is the seminal paper which reimplemented and extended PINNs using a modern 

deep learning framework

Raissi et al, Physics-informed neural networks: A deep learning framework for solving forward and inverse 
problems involving nonlinear partial differential equations, JCP (2018)
Lagaris et al, Artificial neural networks for solving ordinary and partial differential equations, IEEE (1998)



Training loop:

1. Sample boundary/ physics training 
points

2. Compute network outputs
3. Compute 1st and 2nd order gradient of 

network output with respect to 
network input

4. Compute loss
5. Compute gradient of loss function with 

respect to network parameters
6. Take gradient descent step

How can we compute the gradients (e.g. 
𝑑𝑁𝑁

𝑑𝑡
and 

𝑑𝐿

𝑑𝜃
) 

required in steps 3 and 5?

PINN training loop

𝐿 𝜃 = 𝜆1 𝑁𝑁 𝑡 = 0; 𝜃 − 1 2

+ 𝜆2
𝑑𝑁𝑁

𝑑𝑡
𝑡 = 0; 𝜃 − 0

2

+
1

𝑁𝑝
෍

𝑖

𝑁𝑝

𝑚
𝑑2

𝑑𝑡2
+ 𝜇

𝑑

𝑑𝑡
+ 𝑘 𝑁𝑁 𝑡𝑖; 𝜃

2Physics loss
𝐿𝑝 𝜃

Boundary loss
𝐿𝑏 𝜃

𝑁𝑁 𝑡; 𝜃 ≈ 𝑢(𝑡)



Gradient computation for PINNs

Assume network is an MLP, e.g.:

𝑁𝑁 𝑡; 𝜃 = 𝑊3(𝜎 𝑊2𝜎 𝑊1𝑡 + 𝒃1 + 𝒃2 + 𝑏3 ≈ 𝑢(𝑡)

Analogous to backpropagation, we can use the multivariate chain rule to compute gradients with 
respect to network inputs:

𝑁𝑁 𝑡; 𝜃 = 𝑓 ∘ 𝒈 ∘ 𝒉(𝑡; 𝜃)
𝑓 = 𝑊3𝜎 𝒈 + 𝑏3
𝒈 = 𝑊2𝜎 𝒉 + 𝒃2
𝒉 = 𝑊1𝑡 + 𝒃1

𝜕𝑁𝑁

𝜕𝑡
=
𝜕𝑓

𝜕𝒈

𝜕𝒈

𝜕𝒉

𝜕𝒉

𝜕𝑡

𝜕𝑁𝑁

𝜕𝑡
= 𝑊3 diag(𝜎

′ 𝒈 )𝑊2 diag 𝜎′ 𝒉 𝑊1



Extending computational graph

𝑁𝑁 𝑡; 𝜃 = 𝑊3(𝜎 𝑊2𝜎 𝑊1𝑡 + 𝒃1 + 𝒃2 + 𝑏3

𝑓 = 𝑊3𝜎 𝒈 + 𝑏3
𝒈 = 𝑊2𝜎 𝒉 + 𝒃2
𝒉 = 𝑊1𝑡 + 𝒃1

𝜕𝑁𝑁

𝜕𝑡
= 𝑊3 diag(𝜎

′ 𝒈 )𝑊2 diag 𝜎′ 𝒉 𝑊1

𝑡

𝒉

𝒈

𝑊1 𝒃1

𝑊2 𝒃2

𝑊3 𝑏3

𝑓

𝜕𝒉

𝜕𝑡

𝜕𝒈

𝜕𝑡

𝜕𝑓

𝜕𝑡

𝐿

Computing gradients can simply be thought of as extending the 
network’s computational graph:

We can recursively apply autodifferentiation to compute gradients 
and extend the graph



PINN training loop

Training loop:

1. Sample boundary/ physics training points
2. Compute network outputs
3. Compute 1st and 2nd order gradient of 

network output with respect to network 
input <= (recursively) apply autodiff, 
extending graph

4. Compute loss
5. Compute gradient of loss function with 

respect to network parameters <= apply 
autodiff on extended graph

6. Take gradient descent step

We can recursively apply autodifferentiation
to compute gradients and extend the graph



Computational cost of higher order derivatives

Note, gradient computation roughly doubles the size of the computational 
graph*

 The cost of evaluating 
𝜕𝑛𝑁𝑁

𝜕𝑡𝑛
grows exponentially with 𝑛 (!)

 Most time is spent computing gradients, not the forward pass, when 
training PINNs

*More precisely, given some 𝑓:ℝ𝑛 → ℝ𝑚, its Jacobian 𝐽 ∈ ℝ𝑚×𝑛 and 
some vector 𝑣 ∈ ℝ𝑛

𝑇𝐼𝑀𝐸 𝑓, 𝐽𝑣 ≤ 𝜔 𝑇𝐼𝑀𝐸 𝑓

With a constant 𝜔 ∈ 2, 2.5 using autodifferentiation

For detailed derivation, see eg: Griewank and Walther, Evaluating Derivatives, Ch 3.1, 
SIAM (2008))

𝑡

𝒉

𝒈

𝑊1 𝒃1

𝑊2 𝒃2

𝑊3 𝑏3

𝑓

𝜕𝒉

𝜕𝑡

𝜕𝒈

𝜕𝑡

𝜕𝑓

𝜕𝑡

𝐿



Other important considerations

𝐿 𝜃 = 𝜆1 𝑁𝑁 𝑡 = 0; 𝜃 − 1 2

+ 𝜆2
𝑑𝑁𝑁

𝑑𝑡
𝑡 = 0; 𝜃 − 0

2

+
1

𝑁𝑝
෍

𝑖

𝑁𝑝

𝑚
𝑑2

𝑑𝑡2
+ 𝜇

𝑑

𝑑𝑡
+ 𝑘 𝑁𝑁 𝑡𝑖; 𝜃

2Physics loss
𝐿𝑝 𝜃

Boundary loss
𝐿𝑏 𝜃

𝑁𝑁 𝑡; 𝜃 ≈ 𝑢(𝑡)

• 𝜆 values often significantly affect convergence

• “Enough” collocation points 𝑡𝑖 𝑖=1

𝑁𝑝 must be chosen 

so that the learned solution is accurate across the 
full domain

• Similarly, “enough” boundary points must be chosen 
such that the learned solution is unique

• Training points are usually sampled uniformly, 
randomly or quasi randomly

• PINNs still suffer from approximation, estimation 
and optimisation error (just like normal neural 
networks.



Other important considerations

𝐿 𝜃 = 𝜆1 𝑁𝑁 𝑡 = 0; 𝜃 − 1 2

+ 𝜆2
𝑑𝑁𝑁

𝑑𝑡
𝑡 = 0; 𝜃 − 0

2

+
1

𝑁𝑝
෍

𝑖

𝑁𝑝

𝑚
𝑑2

𝑑𝑡2
+ 𝜇

𝑑

𝑑𝑡
+ 𝑘 𝑁𝑁 𝑡𝑖; 𝜃

2Physics loss
𝐿𝑝 𝜃

Boundary loss
𝐿𝑏 𝜃

𝑁𝑁 𝑡; 𝜃 ≈ 𝑢(𝑡)

From a mathematical perspective:

• PINNs provide a way to solve PDEs:
• Neural network is a mesh-free, functional 

approximation of PDE solution
• Physics loss is used to assert solution is 

consistent with PDE
• Boundary loss is used to assert 

boundary/initial conditions, to ensure 
solution is unique

What can we say about PINNs from a ML perspective?
Physics loss is an unsupervised regulariser, which 
adds prior knowledge



PINNs from a ML perspective

𝐿 𝜃 =
1

𝑁
෍

𝑖

𝑁

𝑁𝑁 𝑡𝑖; 𝜃 − 𝑢𝑖
2

+
𝜆

𝑀
෍

𝑗

𝑀

𝑚
𝑑2

𝑑𝑡2
+ 𝜇

𝑑

𝑑𝑡
+ 𝑘 𝑁𝑁 𝑡𝑗; 𝜃

2

Supervised loss

Physics loss

𝐿 𝜃 =
1

𝑁
෍

𝑖

𝑁

𝑁𝑁 𝑡𝑖; 𝜃 − 𝑢𝑖
2

From a ML perspective:

• Physics loss is an unsupervised regulariser, which adds prior knowledge





Key scientific tasks



1. PINNs for solving wave equation – forward problem

𝑢

Moseley et al, Solving the wave equation with physics-
informed deep learning, ArXiv (2020)

𝐿𝑏 𝜃 =
𝜆

𝑁𝑏
෍

𝑗

𝑁𝑏

𝑁𝑁 𝑥𝑗, 𝑡𝑗; 𝜃 − 𝑢𝐹𝐷 𝑥𝑗, 𝑡𝑗
2

𝐿𝑝 𝜃 =
1

𝑁𝑝
෍

𝑖

𝑁𝑝

∇2 −
1

𝑐 𝑥𝑖
2

𝜕2

𝜕𝑡2
𝑁𝑁 𝑥𝑖 , 𝑡𝑖; 𝜃

2

Boundary data from FD simulation (first 0.02 seconds)

Velocity model, 𝑐(𝑥)

Ground 

truth FD 
simulation

Collocation points randomly sampled over entire domain (up to 
0.2 seconds)

𝑥1

𝑥2

𝑡



PINNs for solving wave equation

Velocity model, 𝑐(𝑥)

Moseley et al, Solving the wave equation with 
physics-informed deep learning, ArXiv (2020)

Mini-batch size 𝑁𝑏 = 𝑁𝑝 = 500 (random 

sampling)
Fully connected network with 10 layers, 1024 
hidden units
Softplus activation
Adam optimiser

Training time: ~1 hour



What is an inverse problem?

𝑎 = (velocity model 

𝑐(𝑥), source 
location)

𝑏 = observed 

wavefield 𝑢(𝑥, 𝑡) 𝑏 = 𝐹(𝑎)

Wave equation:

∇2𝑢 −
1

𝑐 𝑥 2

𝜕2𝑢

𝜕𝑡2
= 0

• Fundamentally, inverse problems are 
search problems

• It is often useful to frame them as an 
optimisation problem, for example:

min
ො𝑎

𝑏 − 𝐹(ො𝑎) 2

𝑎 = set of input conditions

𝐹 = physical model of the system

𝑏 = resulting properties given 𝐹 and 𝑎



2. PINNs for inversion

PINNs for solving forward simulation:

𝐿 𝜃 = 𝐿𝑏 𝜃 + 𝐿𝑝 𝜃

𝐿𝑏 𝜃 =෍

𝑘

𝜆𝑘
𝑁𝑏𝑘

෍

𝑗

𝑁𝑏𝑘

ℬ𝑘 𝑁𝑁(𝑥𝑘𝑗; 𝜃) − 𝑔𝑘(𝑥𝑘𝑗)
2

𝐿𝑝 𝜃 =
1

𝑁𝑝
෍

𝑖

𝑁𝑝

𝒟 𝑁𝑁 𝑥𝑖; 𝜃 − 𝑓 𝑥𝑖
2

For example:

𝐷 = ∇2 −
1

𝑐 𝑥 2

𝜕2

𝜕𝑡2

𝑓 = 0

PINNs for solving inverse problems:

𝐿 𝜃, 𝜙 = 𝐿𝑝 𝜃, 𝜙 + 𝐿𝑑 𝜃

𝐿𝑝 𝜃,𝜙 =
1

𝑁𝑝
෍

𝑖

𝑁𝑝

𝒟 𝑁𝑁 𝑥𝑖; 𝜃 ; 𝜙 − 𝑓 𝑥𝑖
2

𝐿𝑑 𝜃 =
𝜆

𝑁𝑑
෍

𝑙

𝑁𝑑

𝑁𝑁 𝑥𝑙; 𝜃 − 𝑢𝑙
2

where 𝜙 are unknown, underlying PDE parameters we 
wish to invert for, and 𝑥𝑙, 𝑢𝑙 are a set of (potentially 
noisy) observational data

We simultaneously learn 𝜃 and 𝜙 when training the 
PINN

Data loss

Physics 
loss

Boundary 
loss

Physics loss



Wave equation
Shukla et al, Physics-Informed Neural Network for Ultrasound 
Nondestructive Quantification of Surface Breaking Cracks, Journal of 
Nondestructive Evaluation (2020)

𝐿𝑝 𝜃, 𝜙 =
1

𝑁𝑝
෍

𝑖

𝑁𝑝

∇2 −
1

𝑐 𝑥𝑖; 𝜙 2

𝜕2

𝜕𝑡2
𝑁𝑁 𝑥𝑖, 𝑡𝑖; 𝜃

2

𝐿𝑑 𝜃 =
𝜆

𝑁𝑑
෍

𝑙

𝑁𝑑

𝑁𝑁 𝑥𝑙, 𝑡𝑙; 𝜃 − 𝑢𝑜𝑏𝑠 𝑙
2

Treat velocity model as another neural network, and 
simultaneously learn it



PINNs for solving inverse problems:

𝐿 𝜃, 𝜙 = 𝐿𝑝 𝜃,𝜙 + 𝐿𝑑 𝜃

𝐿𝑝 𝜃, 𝜙 =
1

𝑁𝑝
෍

𝑖

𝑁𝑝

𝒟 𝑁𝑁 𝑥𝑖; 𝜃 ; 𝜙 − 𝑓 𝑥𝑖
2

𝐿𝑑 𝜃 =
𝜆

𝑁𝑑
෍

𝑙

𝑁𝑑

𝑁𝑁 𝑥𝑙; 𝜃 − 𝑢𝑙
2

Where 𝑥𝑙, 𝑢𝑙 are a set of (potentially noisy) observational data

But how do we learn the entire differential operator 𝒟, rather than 
its parameters 𝜙?

3. PINNs for equation discovery

Physics loss

Data loss

How do we learn an entire differential operator 𝒟?

Build a library of 𝑛 operators, such as:

𝜙 = 1, 𝜕𝑥, 𝜕𝑡, 𝜕𝑥𝑥, 𝜕𝑡𝑡, 𝜕𝑥𝑡
𝑇

Then assume the differential operator can be 
represented as

𝒟 = Λ𝜙

Where Λ is a (sparse) matrix of shape 𝑑𝑢, 𝑛

E.g. for 1D damped harmonic oscillator:

𝒟 = 𝑘 𝜇 𝑚 0

1
𝑑𝑡
𝑑𝑡𝑡
𝑑𝑡𝑡𝑡

= 𝑚
𝑑2

𝑑𝑡2
+ 𝜇

𝑑

𝑑𝑡
+ 𝑘



3. PINNs for equation discovery
How do we learn an entire differential operator 𝒟?

Build a library of 𝑛 operators, such as:

𝜙 = 1, 𝜕𝑥, 𝜕𝑡, 𝜕𝑥𝑥, 𝜕𝑡𝑡, 𝜕𝑥𝑡
𝑇

Then assume the differential operator can be 
represented as

𝒟 = Λ𝜙

Where Λ is a (sparse) matrix of shape 𝑑𝑢, 𝑛

E.g. for 1D damped harmonic oscillator:

𝒟 = 𝑘 𝜇 𝑚 0

1
𝑑𝑡
𝑑𝑡𝑡
𝑑𝑡𝑡𝑡

= 𝑚
𝑑2

𝑑𝑡2
+ 𝜇

𝑑

𝑑𝑡
+ 𝑘

PINNs for equation discovery:
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Where Λ are treated as learnable parameters and 𝑥𝑙, 𝑢𝑙 are a 
set of (potentially noisy) observational data

Typically, some regularization / prior on Λ (e.g. sparsity) is needed, 
as this optimisation problem can be very ill-posed



PINNs for equation discovery

• Trains by alternating between updating Λ and 𝜃

Chen et al, Physics-informed learning of governing equations from 
scarce data, Nature communications (2021)



PINNs for equation discovery

• PINN “discovering” Burgers’ 
equation

• By combining datasets 
sampled under three 
different I/BCs with 10% 
noise



Limitations of PINNs?



Solution time

Velocity model, 𝑐(𝑥)

Moseley et al, Solving the wave equation with 
physics-informed deep learning, ArXiv (2020)

Mini-batch size 𝑁𝑏 = 𝑁𝑝 = 500 (random 

sampling)
Fully connected network with 10 layers, 1024 
hidden units
Softplus activation
Adam optimiser

Training time: ~1 hour
PINNs need to be retrained for each IC/BC!



Competing loss terms
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How do we choose 𝜆1, 𝜆2, 𝜆3? Their relative size can 
influence the quality of the solution and reinforcement 
of the BC.

There can be competing terms in the loss functions!





Why SciML models do not scale? ChatGPT says:

Scaling Scientific Machine Learning (SciML) models presents several challenges. These issues arise from 
the unique characteristics of scientific data and models, which differ from those typically used in 
traditional machine learning. Here are key reasons why SciML models may not scale well:
1. Complexity of Scientific Data and Models
•High Dimensionality: Scientific datasets are often high-dimensional, involving numerous variables and 
parameters. This can lead to the "curse of dimensionality," where the computational complexity grows 
exponentially with the number of variables.
•Non-linear Dynamics: Many scientific models, such as those in physics, chemistry, or biology, involve 
highly non-linear relationships, which are challenging for machine learning models to capture efficiently 
at larger scales.
•Coupled Systems: SciML models often represent coupled systems (e.g., climate models, fluid dynamics), 
where different subsystems interact with each other. This introduces additional layers of complexity that 
make it difficult to scale models across multiple systems.





This behaviour can limit the model’s ability to scale effectively, especially when the goal is 
to approximate complex scientific data with both large-scale and fine-scale dynamics.
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This behaviour can limit the model’s ability to scale effectively, especially when the goal is 
to approximate complex scientific data with both large-scale and fine-scale dynamics.

















1. Training DNN is slow and do not scale

• Deep neural networks (DNNs) are used to solve learning tasks with “state-of-the-art accuracies” 
…but the training time and cost is increasing! 

• GPT-4 contain hundreds of billions of parameters, far exceeding the scale of earlier models like GPT-
3. Training a model like GPT-4 can take months on thousands of GPUs…

• All sophisticated deep learning architectures also have long training times and models do not scale!

The future of AI may depend on developing more resource-efficient architectures and training 
paradigms!



Why SciML models do not scale? ChatGPT says:

Scaling Scientific Machine Learning (SciML) models presents several challenges. These issues arise from 
the unique characteristics of scientific data and models, which differ from those typically used in 
traditional machine learning. Here are key reasons why SciML models may not scale well:
1. Complexity of Scientific Data and Models
•High Dimensionality: Scientific datasets are often high-dimensional, involving numerous variables and 
parameters. This can lead to the "curse of dimensionality," where the computational complexity grows 
exponentially with the number of variables.
•Non-linear Dynamics: Many scientific models, such as those in physics, chemistry, or biology, involve 
highly non-linear relationships, which are challenging for machine learning models to capture efficiently 
at larger scales.
•Coupled Systems: SciML models often represent coupled systems (e.g., climate models, fluid dynamics), 
where different subsystems interact with each other. This introduces additional layers of complexity that 
make it difficult to scale models across multiple systems.



2. Divide and conquer approaches tackle spectral bias

Chat GPT says: Partition of Unity Networks (POU 
Nets) offer a promising approach to scaling 
Scientific Machine Learning (SciML) models:

•Localized learning reduces computational 
complexity and improves model stability.
•Parallel training of local models enhances 
scalability.
•Piecewise approximation handles non-linearities 
more effectively.
•Adaptive refinement allows models to scale in 
specific regions where higher accuracy is needed.
•Preservation of physical constraints ensures 
model accuracy, even when scaled.

SciML to scale – V. Dolean36

Partition of Unity Networks (POUNets) offer 
several mechanisms to mitigate spectral bias, 
especially in the context of scaling SciML
models. 

•Partitioning the domain into smaller 
regions,
•Allowing localized learning of high-
frequency features.
•Leveraging multiscale representations, and
•Ensuring smooth transitions across regions



One-level divide and conquer approach based on POU nets

FBPINN by VD, B. Moseley et al. Hu, Jagtap, Karniadakis, Kawaguchi, APINNs: A gating network-based soft DDM, 2024



3. One-level architectures are not enough

Dolean, Heinlein, Mishra, Moseley, Multilevel DDM (CMAME, 2024)



Final thoughts and conclusions

There is far more than that:

• Layer parallelism can be achieved in a similar fashion (comes in 1 and 2-levels flavours): 

Kopanicacova, Kothari, Karniadakis, Krause, SISC, 2023
Lee, Kopanicakova, Karniadakis, arXiv, 2024

• Combining POU networks with ELM (extreme learning machines) and add a second level: RFM 
(Random Feature Method) 

Chi, Chen, E, Yang, JML, 2022
Chen, E, Sun, CAMC, 2024

• …. (literature growing at a fast pace as we speak)



Conclusions
A few take aways:

• Data parallelism is not enough
• Clever algorithms require some change of architecture

We use a partition of unity (PoU) to piece together different 
local representations as well as a global representation for 
the large- scale components of the solution. This strategy 
has proven to be vital in practice in order to achieve good 
accuracy. (Chi, Chen, E, Yang, 2022)

• POU networks are akin to divide and conquer 
approaches (like domain decomposition) -> DD+ML is 
also now a research field!

• Old HPC and DD wisdom says that mere splitting won’t 
guarantee scalability (e.g. w.r.t frequency) or robustness 
(in multiscale contexts) -> we need more levels…  
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