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(Partially-)saturated granular media.

Macroscopic, non-brownian entities

Stokes flow



Rheology.

Rheology : ” the branch of physics concerned with  
                      the flow and change of shape of matter ”  

                        [Collins English Dictionary] 

 flow, segregation, mixing, blocking, collapse...
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Numerical simulations at the microscopic level

Macroscopic behavior 

Microscopic phenomenons
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Focus on: Lubrication Solid contact
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Explicit penalty force

[Cundall, Strack, 1979]

Continuous penalization 
method

Explicit  
force

Multi-contact problem

Inelastic contacts 
Coulomb friction law

Contact law

Explicit solution for 2 particles

Non-Smooth Contact Dynamics
[Moreau, 1988]  [Moreau, Jean, 1992]

DEM / Molecular Dynamics

Two class of models.



Gluey contact model

Contact law

Contact   
  



Lubrication and Numerical simulations.

Pressure

Horizontal velocity Vertical velocity



A stiff problem.

[Cox, 1974]

Lubrication force
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• BUT very small…

• Cox, R. G. (1974). The motion of suspended particles almost in contact. International Journal of Multiphase Flow, 1(2), 343-371.
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Modeling lubrication: the gluey contact model.
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R sinon

• B. Maury, A gluey particle model, ESAIM Proceedings, July 2007, Vol.18, 133-142

• A. Lefebvre, Numerical simulation of gluey particles, M2AN, 43:53-80 (2009)
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Convergence result: first order equations.
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Numerical scheme

 Fully implicit algorithms

• Implicit admissible velocity space
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ūk+1

�

<latexit sha1_base64="Dx3DgYNn/wua7GkFfyWKHt4yX+0="></latexit>
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Numerical scheme
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Gluey contact model

with inelastic contact

Contact law

Including   

[PhD Quentin Houssier]
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• Regularity issues

• Convergence of the 
   numerical scheme

• Existence of solutions
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Accounting for solid contact

Inelastic contact Gluey + Inelastic contact Gluey contact

Gluey + Inelastic contact Gluey + Inelastic contact



Contact law

Convex    

Inelastic contacts 
Coulomb friction law
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Convex optimization for friction?
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 Influence of convexification?

Granular column collapse:

Numerical tests.
 PhD Hugo Martin [LJLL, IPGP] 

   with Y. Maday, A. Mangeney, B. Maury

An optimization-based model for dry granular flows: application to granular collapse on erodible beds, with H. Martin, A. Mangeney, Y. Maday, B. Maury, In: JCP 
498 (2024), pp.112665.
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Numerical tests.



Gluey contacts

Inelastic collisions 

Coulomb friction law

Contact law

Contact   
   

[PhD Quentin Houssier]



Coupling lubrication and friction.

Push Pull

D > 0 D > 0D = 0D = 0 Solid contact
(Friction)
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 Gluey contact and friction

Coupling lubrication and friction.
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Coupling lubrication and friction. Discrete energy

Non convex

Push: activate friction Pull: activate lubrication
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 Gluey contact and friction



Numerical tests



 Lubrication, No friction,                 , flowing

Numerical experiment: avalanche angle
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Prospects.

 Understand the « projection » on the non convex set 
 

 Convergence study of the different schemes 

 

 Modelling


 Include elastic collisions


 Avalanche angle experiment:

 Local stress, Coordination number

 Influence of inertia 

 Soils: Consider fibers, living beings 

 Add various local forces (cohesion, repulsion, shear-thickening) 

 Taking lubrication effect and solid collision in macroscopic PDE    
  models for granular flows (with Charlotte Perrin)
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