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Introduction









Microscopic model of (inertialess) sedimentation

—pAu+Vp=f, in Q\(U;B))
divu=0, in Q\(UiBi)
ulag =0
u=u+w x(x=X) inB, Vi=1,--- N

/ ou(u,p)n=F, / o (u,p)nx (X=X))=0, Vi=1--- N
OB; 9B

o.(u, p) =2pD(u) — pl is the Newtonian stress tensor.
F = —mge is the gravitational force, e = (0,0,1)*,

m = 37R*(pp — pr).

n the unit normal on 9B; pointing inwards B; = B(X;, R).



Literature overview

e Analysis of the steady problem
Computation of the effective viscosity
— Haines and Mazzucato 2012, Niethammer and Schubert
2020, Hillairet and Wu (2019), Duerinckx and Gloria
2019-2023, Gérard-Varet and co-authors (Hillairet, Hofer,
Mecherbet)...
Computation of the effective settling velocity of the particles
— Batchelor (1972), Hasimoto (1959), Hillairet and Hofer
2023
e Coupling with the particles motion and analysis of the dynamics
— Hofer (2018), Mecherbet (2019), Hofer and Schubert (2021,
2023), Duerinckx (2023)



Mean sedimentation speed of the particles

If pN(t = 0) N PO then p = NlinmpN solves

—puAu+Vp=FNp, divu=20
dp+dv((sEp+u)p)=0 iR
p(t =0) = po

which means that the amplitude of the mean velocity of the particles is

F

V|~
VI 6muR

FN
’+ ‘uL ~ | V| max(1, NR)

L = diam supp p the length scale of the particle cloud

St __ _F
Ve = 6muR

— Hofer (2018), Mecherbet (2019), Hofer and Schubert (2021, 2023)

the velocity of one single particle.



Mean sedimentation speed of the particles

Hindered settling in the case of homogeneously distributed particles

— Hasimoto (1959). Periodically distributed particles

Ve V1 - qo'?), a>0

¢ the volume fraction of the particles and V>t = %R2(pp — pr)g the
sedimentation speed of one spherical particle of radius R.



Mean sedimentation speed of the particles

Hindered settling in the case of homogeneously distributed particles

— Hasimoto (1959). Periodically distributed particles

Ve V1 - qo'?), a>0

— Batchelor (1972). Particles distributed with hardoce Poisson process
with distance 2R in R3
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¢ the volume fraction of the particles and V>t = %R2(pp — pr)g the
sedimentation speed of one spherical particle of radius R.



Mean sedimentation speed of the particles

Hindered settling in the case of homogeneously distributed particles

— Hasimoto (1959). Periodically distributed particles

Ve V1 - qo'?), a>0

— Batchelor (1972). Particles distributed with hardoce Poisson process
with distance 2R in R3

V= VE1-ad), >0

— Hillairet and Héfer (2023). Identification of the hindered settling for
general configurations with explicit formula of the mean settling in
terms of the homogeneity defect.

¢ the volume fraction of the particles and V>t = %R2(pp — pr)g the
sedimentation speed of one spherical particle of radius R.



Presence of a particle depleted layer near the wall




Observed phenomena due to the particle depleted layer

Apparent slip
Presence of non-zero downward velocities just outside the depletion layer.

— Slip flow and wall depletion layer of microfibrillated cellulose
suspensions in a pipe flow. A. Koponen, S. Haavisto, J. Salmela and
M. Kataja. 2019

— Apparent slip in colloidal suspensions. A. Abbasi Moud, J. Piette,
M. Danesh, G. C. Georgiou, S. G. Hatzikiriakos. 2022.



Observed phenomena due to the particle depleted layer

Intrinsic convection (In the case of horizontally homogeneous
distribution of particles)

presence of an additional downward flow in the bulk which points upward
just outside the depletion layer.

— Mazur, Beenakker and co-workers (1985-1988), Nozieres (1987)*
— D. Bruneau, F. Feuillebois and co-workers (1996-1998)
— Y. Peysson and E. Guazzelli (1997)

This effect is found to be, experimentally, much smaller than the
amplitude V>t¢ and seems to disappear with increasing concentrations.

1The phenomena was called essential convection by Beenakker and Mazur and later
was called intrinsic convection by Noziéres
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bl 1

x/b

Figure 1: (Geigenmiiller and Mazur, 1988): The mean volume flow due to
intrinsic convection between two parallel plates. The dashed line corresponds to
b/a = 10, the solid line to b/a = 100.

(b the length of the vessel, a the radius of particles)
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Assumptions and main results



Nondimensionalized model

Consider the half space Q° = (—¢, +00) x R? where the depletion layer
D. = (—¢,0) x R?, of width & > 0, is free of particles centers. Namely,

Xi,..., Xy € K€ Q0 Q°=R% xR2 (H1)

Denote by B; = B(X;, R) the ith particle.
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—AuNE L vpNE=Ff in Q°\ (UB)
dives =0, in Q°\ (UB)
UN"€|3Q€ =0
D(u")=0 inB;, 1<i<N  (EN¢)
/ o(ue, pNeYn = —le7 1<i<N
0B N
/as oM pV ) x (x = X)) =0, 1<i<N

with £ € L1(Q%) N L(Q).

13



e We denote by p"V the empirical measure defined by
P =5 2 ox
N < !

and consider p a bounded density compactly supported in Q°.

o We assume that there exists 8 > 1 such that
€e>0R (H2)

e Denoting dmin = min;; | X; — Xj|, we assume that

C
dmin 2 maX (/\/1/3726R> (H3)
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Approximation by a continuous model

Adapting the classical argument to the half space setting we end up with
the following effective model

—Au*+Vp*=f—pe, inQ°
divu =0, in Q° (E®)

Ulogs =0
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Theorem

Letl1<g<3/2, Q¢ Q=. There exists C > 0 depending on q, @ and
on the constant 6 in (H2), such that ,

[u™e — 0| pagq) < C(¢+ 1" = pllwe.w oy + R)

where ¢ = NR3 the particles volume fraction.
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Remarks on the assumptions

e The norm [|p" — Pll(wa.a (o))~ can be replaced by the first
Wasserstein distance Wi (p", p) between p" and p and consequently
by W,(p", p) for any p € [1, +0o0] if one assumes p € L}(Q0).

e The control on the minimal distance (H3) can be relaxed to
dmin > 20R together with any assumption ensuring a uniform bound
on

1 1

=N <C

N#_\X,-—Xj|2 -
JF#i
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A crude approximation of the obtained model

—Au*+Vp*=f—pe, inQ°

dive® =0, in Q° (E®)
ulogs =0
would be
—AL+ VPP =Ff—pe, in Q°
dive® =0, in Q° (E®)
o0 = 0

where the effect of the boundary layer is neglected.
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Boundary layer analysis

Theorem

Assume that f and p are smooth, compactly supported in Q0. Then, for
all m € N, one has

v =0 teut 4+ ™+ O(E™Y)  in HYH(QO)

where u° solves (E®), and for each i > 1, u' solves an homogeneous
Stokes equation in Q° with inhomogeneous Dirichlet data at 9Q° coming
from lower order profiles.
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Apparent slip

Corollary

Let p and f as in the previous theorem, and u® the solution of the Stokes
system with Navier slip boundary condition:

—Au® +Vp° =Ff—pe, inQ°
divu® =0, in Q° (1)
U5|3QO = 5(0,81u25,81u35)|990

Then, one has the estimate

lu® = 65|10 = O(3)
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Navier slip boundary condition on an example

consider the case of a shear flow driven by a constant downward pressure
gradient:
—Au+Vp=—e, divu=0 1in(0,1)xR

In the case of Dirichlet conditions u|y,—o = u|x,—1 = 0, the solution is the

usual Poiseuille flow
O (x1, %) = (O, %xl(xl — 1))
while in the case of Navier conditions
Uly=0 = (0, 01t2|x=0), Ulxy=1 = (0, —O1u2|x,=1)

we find
1

u®(x1, x2) = (0, %Xl(xl -1)- 5)

which has a non-zero downward component at the boundary.
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Recall that
™ — oy < €@+ 110" = pllgwenr oy + R)
which yields
lu™s — US||Lq(K) SE+C(R+¢+ oY - Pl wae (o))

whereas

e = oy > Nlu® = w®lleagry = 0™ — ¥l oy
> C'e— C(R+ o+ 10" = pllwer @)

which means that u® is a better approximation of u":¢ than u© if

R+¢+ ||pN - PH(Wz,q’(QO))* ekl
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Intrinsic convection

The intrinsic convection concerns the case of homogeneous distribution
of particles i.e. p =1 with f = 0 yielding (formally) a vanishing zero
order term

WP(x) =0, p’(x)=—x3

in the expansion. Direct computations of the first order term yield also

which means that the one has to compute the second order correction u?

in the boundary layer analysis.
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Going one step further in the boundary layer analysis, we find

—A?+Vp? = 0, on (0, +o0) x R2
dive? = 0, on (0, +00) x R?
U2|X1:0 = (07 07 %)

This gives
1
U |0 =~ (0,0, 5&'2).

Back to dimensional variables, we find

e2mgN g €29

u§|X1:O ~ 2ul3 = ﬂsz(PS - Pf)d) = EZV%)

where Vst = 9R2 (o= pf)g the sedimentation velocity of one particle.



Sketch of the proof




Without loss of generality we assume that € = 0.

The results adapt straightforwardly to Q° = (—¢, +00) x R?
by translation.
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Fundamental solution to the Stokes equation on the half space

Given y € (0,+00) x R?, we set x — G(x, y) the unique solution to

—Au+Vqg = 6,1 on Q0
div(u) = 0, on Q°
U|X1:0 = O

where T is the identity matrix in 3d. We have for all x # y

1G(x,y)| <

, |V, G(x,9)| + VG (x,y)| < ———
=y IVy G(x, y)| + [VxG(x, y)| P

— Z. Gimbutas, L. Greengard, and S. Veerapaneni, Simple and efficient

representations for the fundamental solutions of stokes flow in a
half-space, Journal of Fluid Mechanics, 776 (2015)
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Stokes flow past a sphere in the half space

We set UST[F](-, yo) € HX(°) the unique solution of the Stokes equation

—Au+Vqg = 0, onQ°%\ B(y,r)
div(u) = 0, on Q°\ B(yo,r)
Du = 0, on B(y,r)
Ulx =0 0

| otwpn=F [ folup)n] x (x=y) =0
9B(yo,r) 9B(yo,r)

27



Approximation of the flow past a sphere in the half space

For any r > 0 and yp € Q0 satisfying (o)1 > 0r, there exists H,[F](-, yo)
such that for all x & B(y,0r)

U [FI(x v0) = G(x, y0) F + H,[F](x, o)

ColF ColF
L L [F1 o) < eI

H[F](x, g P < )
[HelFlx o) Ix — yol? |x — yol3
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Assume for simplicity f = 0 and Q¢ = (0, +-00) x R2. Consider the
approximation

Uapp = Zu [F](x, X))

with F = —%e. We have

— At + VPapp = 0, on Q°\ U B;
div (uapp) = on Q°\ | B;
Dapp = Zu [F1(x,X;), onUB:
J#i

Uapply=0 =

0
L (Uappa Papp W= / [o( Uapp, Papp)n] (x=X)=0

i

by a standard variational argument we get

ID(u™F — tiapp)ll 200y < Cll Dttappll 2 ) S 02
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Setting

we have
—AVN VeV = —F¥dxe,
divvV = 0, Iin Qo
vNy=0 = 0
and

ltapp — vV llLsiy < CkR

for K € Q0 and q < 3/2

in QO
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Hence setting u® as the unique solution to

—A+Vg® = —pe, inQ°
divi® = 0, inQ°
U0|X1:0 = O

we have
VY = oy < Cillp" = pllwe.a (o))

for K € Q0 and q < 3/2.

31



Boundary layer analysis

We aim at giving an approximation of u®

—Aut+Vqg = f—pe, in Q°
divee = 0, in Q°
Uly=—e = 0

We use the notation v’ for the terms of the expansion in the domain Q°
and boundary layer profiles U' = U'(s, x2, x3) in the depleted layer where
s €] — 1,0[ stands for the rescaled variable x /<.

m
(usppapjpp)(x = Zgl u' pl)(Xl'X2'X3) X = (X1~X27X3) € QO
i=0

( app,papp 26’ Ul i)(X1/6 X2,X3) X = (Xl,XQ X3) e Q° \QO

i=
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Plugging the boundary layer profile in the Stokes equation we get

1 e~ 19, PO
~ ?aguo—(ag +BZ)U° + | 9P
D3 P°
1 as'D1 585P2
—gaﬁ U'—e(03 + 03)U* + | eduPY | —02U? — £2(03 + 03)U? + | €20, P?
Ea3P1 5283/32
€20, P3
— PR -3+ + | &B3,P3 | +---=0
6383P3

1
gasuf + (U9 + 05U3) + 05 Ui + ¢ (92U3 + 95U3)
+ €0, U7 + 2 (0oU3 + 05U3) +&20,U3 + & (0U3 + 05U3) -~ =0
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Plugging the boundary layer profile in the Stokes equation we get 2

1 e 19, P
— ?aguo—(ag + )+ | 9,P°
d3P°
1 ds P €0, P?
—gag Ut—(02 + D2 U + | e0oP! | —02U? — €2(83 + 02)U? + | £20,P2
g0z P! £2093P?
£20,P3
PV — B+ R+ | B0P3 | +-- =0
6383P3

1
gasuf + (02U + 93U9) + 0sUf + ¢ (02U + 05U3)
+20. U7 + 2 (02U3 + 03U3) + 20,U3 + & (0U3 + 05U5) --- =0

2 1

2_: terms of order e =2, -: terms of order 1, -: terms of order 1,-: terms of order &

34



for all i > 0, for all (s,x,x3) € (—1,0) x R
—U] — (& + 95)U; 2 +0,P =0,
—2U} — (93 + O2)U52 + 3P 72 = 0,
—Q2UL — (83 + 32U 2 + 3P 2 =0,
OsUi +0,Us P+ 03U =0

with the convention (U’, P’) = 0 for i < 0.

The Dirichlet condition ujpp|aQs = 0 yields: for all i >0,

U'ls=—_1 = 0.
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Plugging the interior expansion in the Stokes equation, we find: for all
i>0,inQ°

—Au' +Vp' =50 (f — pe),

p' oi(f = pe) on (0, +o0) x R?
divu' =0.

together with conditions

[ngp”aQO ~ O? [U(ugppa pzpp)n:”aflo ~0

which reflect continuity of the velocity field and the stress tensor at the
interface 9Q° give for all i > 0:

U'ls=0 = U']x=0

' P=1s—o ' P =0
(95Ul|5:0 = 0 =S (91U’71|X1:0 = 0
0 0
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Computation of the first order terms in the case of homoge-

neous distribution of particles

We have

92U° = O0on(-1,0) x R?
05 U? 0 on (—1,0) x R?
U0s=—1
OsUs—g = 0

Il
o



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° = 0,
92U° = O0on (-1,0) x R?
9sU? = 0on (-1,0) x R?
UO‘5:71 = 0 - UO:O
OsU%s=0 = 0



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° = 0,

0 on (—1,0) x R?

Ulse_y =0 0

{ (0,2 + 85 U3) + 0, U}



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, U} =0,

{(32U§+33U§)+85U11 = Oon (~1,0)x R? = Ui =0

Ulleely =0 = 0



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, Ui =0,

{ 8;P° = 0on (—1,0) x R2

Po‘s:—l — as Ull‘s:—l - 8IUO‘xl:O + P0|><1:0
and
—AL + VP = —pe, on (0,00) x R?
dive® = 0, on (0,4+0) x R?

Weoo = Um0



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, U} =0, P°= —x3, (u% p°) = (0, —x3),

= POZ—X3

OsP° = 0on (-1,0) x R?
P0|5:—1 — *81 UO|><1:O + po‘xlzo

If p=1then ut® =0and p® = —x3



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, U} =0, P°= —x3, (1% p°) = (0, —x3),

21
852U21 = 0on (-1,0) x R?
asU3

U1‘5:71 =

0
as Uzl‘s:() _ a1 U(2)|X1:0
85 U%‘s:O 0 ug|><1:0



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, U'=0, P°=—x3 (2 p° =(0,—x3),

21
852U21 = 0on (-1,0) x R?
65U3

U1‘5:71 =

0
as Uzl‘s:() _ 81 Ug|x1:0
85 U%‘s:O 0 ug|><1:0



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, U'=0, P°=—xs (u°p° = (0,—x3),

(vt p') =0,
Hence
—Aut +Vpl = 0, on (0, +o0) x R2
dive! = 0, on (0, +00) x R2
u1|x1:O - (Oaalug7alug)|xlzo

= (v, ph) =0



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, U'=0, P°=—xs (u°p° =(0,—x3),
(u',p') =0,

U + 0, U} + 03U =0, on (—1,0) x R?
Ulz‘s:fl -



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, U'=0, P°=—x3 (u°p° =(0,—x3),
(u',pt) =0, F =0

9sU? =0, on (—1,0) x R?

U?=0
U12|5:,1 =0 '



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, U'=0, P°=—x3 (u°p° =(0,—x3),
(u',pt) =0, F =0

_QR2UR — (82 + B2)UP + O,P1 = 0, on (~1,0) x R?
Pl‘s:O - a5U12‘s:0 - alu%‘xlzo + p1|x1:0



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, (U} PY)=0, PO = —x;, (1% p%) = (0, —x3),
(u',pt) =0, F =0

8sP* =0, on (—1,0) x R2

Pl =0
'D1|s:O:0



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, (U}, PY)=0, PO = —x;, (1% p°) = (0, —x3),
(ut,p) =0, Uf=0

208\ (@B +B)L)  (0:P°
—| 2 — = 0 —-1,0 R?
<03u32 @+aus)  \onpe on (h O

U2‘s:71 -

0
6's Uzz‘s:O _ 81 U%|x1:0
0s Ug‘s:O 0 U%|X1:0



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, (U, P)=0, P°=—x3, (% p° = (0,—x3),

(uhp')=0, Ui=U;=0,U5= **(5 -1)
Q2L 0 .
_(852U32 T 4] = Oon (—1,0) xR
U2‘5:71 = 0

as U22 ‘s:O -0
as U3% ‘5:0



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, (U}, PY)=0, PO = —x3, (1% p°) = (0, —x3),

(ul,p1) =0, U2=UF=0,03=—1(s*~1)

Finally we get

—A?+Vp? = 0, on (0, +c0) x R?
dive? = 0, on (0, +0) x R?
U2‘><1:0 U2|s:0



Computation of the first order terms in the case of homoge-

neous distribution of particles

We have U° =0, (U, P)=0, P°= —x3, (u°p° = (0,—x3),

(ut,p') =0, UZ=U2=0,03=-%(s>-1)

Finally we get
—Au?+Vp?> = 0, on (0, +oc0) x R?
dive*> = 0, on (0, 4+0) x R?
Uz\xlzo = U2|s:0
which yields
u2 X1:0 =

NIk O O



Thank you for your attention !
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