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Introduction - framework for approximating solutions to PDEs



Problem under consideration

To fix notation, consider the following stationary PDE:

DW,x) =0 forxeQ,
W(x) =g(x) forxedQ,

where

+ QO C RY s the spatial domain,
« W € RY is the unknown solution,
« D is some differential operator,

- g is a known function.
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Common framework for some classical methods

Parametric approximation in some classical methods for stationary PDEs

In many classical numerical methods, the solution is approximated by a parametric
function, linear in its parameters, and a basis (¢;); depending on the chosen method:

N
We(x) = Z 0;9j(x); the parameters (0;);cpr,... vy are called degrees of freedom.
j=1
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Common framework for some classical methods

Parametric approximation in some classical methods for stationary PDEs

In many classical numerical methods, the solution is approximated by a parametric
function, linear in its parameters, and a basis (¢;); depending on the chosen method:

N
We(x) = Z 0;9j(x); the parameters (0;);cpr,... vy are called degrees of freedom.
j=1

+ mesh-based methods, with mesh (X;)jcir,.
» finite difference: ¢; = d;

» T1%-order finite volume: ¢; are piecewise constant
» finite element: o; are piecewise polynomial
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function, linear in its parameters, and a basis (¢;); depending on the chosen method:

N
We(x) = Z 0;9j(x); the parameters (0;);cpr,... vy are called degrees of freedom.
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+ mesh-based methods, with mesh (X)jc;r,. n:  * mesh-free methods:

» finite difference: ¢; = O; » spectral methods: ¢; = e"* in Fourier space
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Common framework for some classical methods

Parametric approximation in some classical methods for stationary PDEs

In many classical numerical methods, the solution is approximated by a parametric
function, linear in its parameters, and a basis (¢;); depending on the chosen method:

N
We(x) = Z 0;9j(x); the parameters (0;);cpr,... vy are called degrees of freedom.
j=1

+ mesh-based methods, with mesh (X)jc;r,. n:  * mesh-free methods:

» finite difference: ¢; = O; » spectral methods: ¢; = e"* in Fourier space
> T%-order finite volume: ¢; are piecewise constant ~ » SPH: ¢;(x) = Z(Ix — x;|) with = a kernel function
» finite element: o; are piecewise polynomial » diffuse elements: ¢; are piecewise polynomial

Most of these approaches are local in space, and the number of degrees of freedom N
exponentially increases with the dimension.
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Example: the finite element method

Consider the Poisson problem and its weak formulation, with unknown W € H}(Q):

{—AW =f inQ,

= Y € H(Q), J VW-dex:J 1 dx.
W=0 on 0Q), Q Q
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Example: the finite element method

Consider the Poisson problem and its weak formulation, with unknown W € H}(Q):

{—AW =f inQ,

= Y € H(Q), JVW-V dx:J' dx.
W=0  onodQ, this Fo () o v Qflb

Now, approximate 3} (Q) by a linear subspace of polynomial functions V = Span((¢;);).

The finite element approximation of W is, for x € Q, Wg(x) = Z}’L 0j¢;j(x).

Victor Michel-Dansac | Hybrid methods for elliptic and hyperbolic PDEs | Ecole du RT T&E, Nouan-le-Fuzelier 3/54



Example: the finite element method

Consider the Poisson problem and its weak formulation, with unknown W € 3} (Q):

—AW=f inQ,
W=0 on 9Q),

Now, approximate 3} (Q) by a linear subspace of polynomial functions V = Span((¢;);).

The finite element approximation of W is, for x € Q, Wg(x) = Z}’L 0j¢;j(x).

Plugging these approximations in the weak formulation, we get

N
ke ... N, Zele Ve Vordx = Jﬂfcpkdx,

j=1 e
Agj b

i.e., with 8 = (8;);, A = (Ayj)kj and b = (br),, we have the linear system A6 = b.

= Y € H(Q), J VW-dex:J' 1 dx.
Q Q

Victor Michel-Dansac | Hybrid methods for elliptic and hyperbolic PDEs | Ecole du RT T&E, Nouan-le-Fuzelier

3/54



Example: the Ritz-Galerkin method

Consider the Poisson problem and its energy formulation, with unknown W € H}(Q):

—AW =f inQ, M 5
— W = argmin {J' [V —J fll):|
W=0 on 0Q), BEH(Q) 2o Q

Victor Michel-Dansac | Hybrid methods for elliptic and hyperbolic PDEs | Ecole du RT T&E, Nouan-le-Fuzelier 454



Example: the Ritz-Galerkin method

Consider the Poisson problem and its energy formulation, with unknown W € H}(Q):

—AW =f inQ, M 5
— W = argmin {J' [V —J fll):|
W=0 on 0Q), BEH(Q) 2o Q

Now, approximate H{(Q) by a linear subspace of polynomial functions V = Span((¢;);) .

The finite element approximation of W is, for x € Q, Wy (x) = ZL 0j¢;j(x). Therefore,

1
W = argmin {J' |V(p|2—J' f(p}
ecv 2Jo Q
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Example: the Ritz-Galerkin method

Consider the Poisson problem and its energy formulation, with unknown W € H}(Q):

—AW =f inQ, M 5
— W = argmin {J' [V —J fl]):|
W=0 on 0Q), BEH(Q) 2o Q

Now, approximate H{(Q) by a linear subspace of polynomial functions V = Span((¢;);) .
The finite element approximation of W is, for x € Q, Wy (x) = ZL 0j¢;j(x). Therefore,

0 = argmin Z

N N
1
i EﬁjﬁkJ Vi Vor—) {)jj fojl-
SR | Q ‘= o

We can write 6 = argming v J(9), with J a quadratic function.

Solving this quadratic minimization problem, we obtain the same linear system A0 = b.
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Example: the Ritz-Galerkin method

Consider the Poisson problem and its energy formulation, with unknown W € H}(Q):

—AW =f inQ, M 5
— W = argmin {J' [V —J fl]):|
W=0 on 0Q), BEH(Q) 2o Q

Now, approximate 3} (Q) by a ’ linear subspace of polynomial functions V = Span((@j)j)‘.

The finite element approximation of W is, for x € Q, Wy (x) = ZL 0j¢;j(x). Therefore,

0 = argmin Z

N N
1
i EﬁjﬁkJ Vi Vor—) {)jj fojl-
SR | Q ‘= o

We can write 6 = argming v J(9), with J a quadratic function.

Solving this quadratic minimization problem, we obtain the same linear system A0 = b.
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Example: the “Deep Ritz” method [W. E and B. Yu (2018)]

Consider the Poisson problem and its energy formulation:

—AW =f inQ, .1 2
— W = argmin fJ' V| —J fl.
W=0 on 0Q), BeHI(Q) 2o Q
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Example: the “Deep Ritz” method [W. E and B. Yu (2018)]

Consider the Poisson problem and its energy formulation:

—AW =f inQ, .1 2
— W = argmin 7J [Vl —J fol.
W=0 on 0Q), BeHI(Q) 2o Q

We approximate 3} (Q) by the subspace V = {x — ¢(x,0), 6 € R}, with ¢ : RY x RV — R
a nonlinear function of both inputs.

The nonlinear approximation of W becomes, for x € Q, Wy (x) = @(x,0). Therefore,

We = argmin B J IV(x,0)%dx — J f(xX)(x,0) dx] .
Q Q

pev
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Example: the “Deep Ritz” method [W. E and B. Yu (2018)]

Consider the Poisson problem and its energy formulation:

—AW=f inQ, M 5
— W = argmin {J' [V —J fl]):|
W=0 on 0Q), wery ) L2 Jo Q

We approximate H}(Q) by the subspace V = {x — ¢(x,0), 6 € R}, with ¢ : RY x RV — R
a nonlinear function of both inputs.

The nonlinear approximation of W becomes, for x € Q, Wy (x) = ¢(x,0). Therefore,

0 = argmin P J' IV (x,9)? dx — J
2o

deRN Q

)0 (x,9) dx} .

We can write 6 = argming v J(9), with J @ nonquadratic function.

We now have to solve a nonlinear minimization problem!
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Summary

We have presented two ways of approximating our unknown function W. In both cases,
we define degrees of freedom 8 € RV, and set W(x) ~ Wy (x) = ¢(x,0), forall x € Q.

The main difference lies in the choice of the function ¢: it is always nonlinear in space,
but its behavior with respect to 0 changes the nature of the approximation problem.
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Summary

We have presented two ways of approximating our unknown function W. In both cases,
we define degrees of freedom 8 € RV, and set W(x) ~ Wy (x) = ¢(x,0), forall x € Q.

The main difference lies in the choice of the function ¢: it is always nonlinear in space,
but its behavior with respect to 0 changes the nature of the approximation problem.

1. @islinearin @, ¢(x,0) Z} 10j@;(x
11 W is projected onto a finite- dlmen5|0nal
linear subspace
1.2 solve a convex quadratic optimization
problem to determine 0
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Summary

We have presented two ways of approximating our unknown function W. In both cases,
we define degrees of freedom 8 € RV, and set W(x) ~ Wy (x) = ¢(x,0), forall x € Q.

The main difference lies in the choice of the function ¢: it is always nonlinear in space,
but its behavior with respect to 0 changes the nature of the approximation problem.

1. @islinearin @, ¢(x,0) Z} 10j@;(x 2. @ is nonlinearin ©:
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linear subspace “submanifold”
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Summary

We have presented two ways of approximating our unknown function W. In both cases,
we define degrees of freedom 8 € RV, and set W(x) ~ Wy (x) = ¢(x,0), forall x € Q.

The main difference lies in the choice of the function ¢: it is always nonlinear in space,
but its behavior with respect to 0 changes the nature of the approximation problem.

1. @islinearin @, ¢(x,0) Z} 10j@;(x 2. @ is nonlinearin ©:
11 W is projected onto a finite- dlmen5|0nal 21 W is projected onto a finite-dimensional
linear subspace “submanifold”
1.2 solve a convex quadratic optimization 2.2 solve a nonlinear, (usually) non-convex
problem to determine 0 optimization problem to determine 0

Question: How to construct suitable nonlinear functions ¢?
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Physics-Informed Neural Networks (PINNS)



Multilayer perceptron (MLP)

ST B An MLP is a nonlinear parametric function
o===== NI | @ :RY x RN — R9,

o(WZ' 1 4 bt)

T It results from a composition of several non-
linear layers. For instance, the first layer is:

« 7' = o(A'2° + b") € R,

- 70 € R% (with g = d),

- AT € Mg, 4,(R),

- b" e R,

-+ o € C°(R,R), applied component-wise.

T\ Zer,
N D .
22 €R%

Schematic of an MLP (by A. Béliéres-Frendo).
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Multilayer perceptron (MLP)

— An MLP is a nonlinear parametric function
o(W?2' + b?) o(Wkzh1 4 bl)

y — 3 @ ‘R4 x RN — R9,
: b . .
It results from a composition of several non-
linear layers. For instance, the first layer is:
« 7' = o(A'2° + b") € R,
- 70 € R% (with g = d),

. * AT € Mg, q0(R),

[ <N\ [ | [ \|!
I NN | | |
I | [ I |
0ozl N L oxt1 )
I I \ L
I l 7 I I !
N I
"N Zern, | ! AT e RIS T~ 1 a1
K\ 777777 | J - b' € R,
22 €R%

0 . .
c 0 R,R I m = .
Schematic of an MLP (by A. Béliéres-Frendo). €c ( 2 )' appl ed co ponent LU

|
10utput

)
| 28 e R
I

In the end, the function ¢ : z° x 8 — z% reads
0(2°,0) = o(Ac(A ... o(A'Z° + b)) - + b 4+ bY).

The degrees of freedom are 6 = (A", b',..., A", bY) e RN, with N = 3, qi(qi_1 + 1).
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Universal approximation theorems

Arbitrary-width case [G. Cybenko, Math. Control Signals Systems (1989)]

Let o € C°(R,R) be a non-polynomial function. Then, for all (m,n) € N?, X C R"

compact set, f € C°(X,R™), and ¢ > 0, there exist R € N, A € My, »(R), b € R* and
C € My ,(R) such that

If (%) — Co(AX + b) | i) < e

Arbitrary-depth case [P. Kidger and T. Lyons, (2020)]

Let o € C°(R,R) be a non-affine function, continuously differentiable in at least one
point. Let N7 ., 1, denote the set of MLPs with n inputs, m outputs, whose hidden
layers have n + m + 2 neurons, and with activation function o. Then, for all (m,n) € N?,
X € R" compact set, f € C°(XK,R™), and & > 0, there exists Wy € N, .. ., such that

Hf(x) - WS(X)HLOG[K) < E.
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Determination of the parameters 0 - PINNs

Equipped with the expression of Wy : RY — RY, with Wg = ¢(-,0), the goal is to
determine the N parameters 0 such that We is an approximation to the PDE solution W.
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Determination of the parameters 0 - PINNs

Equipped with the expression of Wg : RY — R, with We = ¢(-,8), the goal is to
determine the N parameters 0 such that W is an approximation to the PDE solution W.

This is done through nonlinear optimization’: define a loss function J measuring? the
PDE residual, i.e.,

3(0) =J 'D(We,X)de-i-J (Wolx) — g(x))2 dx.
Q 00

The optimal parameters are then given by:

Oopt = argmin J(0).
0

TUsually, using the ADAM algorithm [D. Kingma and ). Ba, (2015)] for stochastic gradient descent.
2This corresponds to PINNs (Physics-Informed Neural Networks, M. Raissi et al., . Comput. Phys. (2019)).
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Determination of the parameters 0 — Deep Ritz

Another way of determining parameters 0 lies in the Deep Ritz method®. The solution
remains approximated by a neural network Wy : RY — RY.

This time, the PDE is written in energy form. In the case of the Poisson problem, this
leads to the following minimization problem:

0 = argmin F J IVWe (X)? dx — J
2 )o

JERN Q

FX)We (x) dx} .

We can write 6 = argming v J(9), which is a nonlinear optimization problem.

3see W. E and B. Yu, Commun. Math. Stat. (2018)
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PINNSs: recap

The PINN W, approximates the solution W to the BVP:

D(W,x) =0 forx e Q, D(We,x) ~ 0 forx € Q,
W(x) = g(x) for x € 9Q). We (x) ~ g(x) for x € 0Q).

To train the PINN (i.e., to determine the optimal parameters 6,t), one fashions a loss
function using the PDE residual:

gPDE(e):J HfD(WB,x)HgdHJ |We(x) —g(x)[|5dx, and then eopt:argénianDE(e).
(0} 00

~ How to compute the integrals?
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Multidimensional integration

Fooe(0) = Ln@(we,x)ni dx + LQHWG(X) — g2 dx

3(2(6) 3buundary(9)

We have to compute two integrals:

« Jn(8) over Q C RY,
* aboundary(e) over 0Q ¢ R4,
The classical approach involves quadrature methods. However, they require a grid,

which is a problem in high dimension or on complex domains...

~+ Use the Monte-Carlo approach, a mesh-less method whose convergence is slow but
independent of the dimension.
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PINNs: advantages and drawbacks

Once trained, PINNs with Monte-Carlo integration are able to

- quickly provide an approximation to the PDE solution,
« in a mesh-less fashion and on complex domains,
- independently of the dimension.
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PINNs: advantages and drawbacks

Once trained, PINNs with Monte-Carlo integration are able to

- quickly provide an approximation to the PDE solution,

in a mesh-less fashion and on complex domains,

- independently of the dimension.

However, PINNs

- have trouble generalizing to x ¢ Q;

are usually not competitive with classical numerical methods for computational fluid
dynamics: to reach a given error (if possible), training takes longer than using a classical
numerical method, and no convincing convergence results exist at the moment.
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PINNs: advantages and drawbacks

Once trained, PINNs with Monte-Carlo integration are able to

- quickly provide an approximation to the PDE solution,

in a mesh-less fashion and on complex domains,

- independently of the dimension.

However, PINNs

- have trouble generalizing to x ¢ Q;

are usually not competitive with classical numerical methods for computational fluid
dynamics: to reach a given error (if possible), training takes longer than using a classical
numerical method, and no convincing convergence results exist at the moment.

The most interesting use of PINNS, in our case, is to deal with parametric PDEs, where
dimension-insensitivity is paramount.
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Physics-Informed Neural Networks (PINNS)
Using PINNs for parametric PDEs



Parametric PINNs: approximation using the PDE residual

The parametric PINN Wg(x; 1t) with parameters 1 € M ¢ R approximates the solution W
to the parametric BVP:

{@(W x;u)=0 forxeQ,ueM, D(We,x; 1) ~ 0 forxe Q,ueM,
A
) 1

W(x) =gl(x; forx € 0Q,n € M Wo (X; 1) ~ g(x; 1) forx € 0Q, n € M.
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Parametric PINNs: approximation using the PDE residual

The parametric PINN Wg(x; 1t) with parameters 1 € M ¢ R approximates the solution W
to the parametric BVP:

{@(W x;u)=0 forxeQ,ueM, D(We,x; 1) ~ 0 forxe Q,ueM,
A
) 1

W(x) =gl(x; forx € 0Q,n € M Wo (X; 1) ~ g(x; 1) forx € 0Q, n € M.

The loss function then becomes

drocl®) = | | IO, B + | | [Walx; ) — gl ) el

5(2(6) Hboundary(e)

Both integrals are, once again, approximated by the Monte-Carlo method.
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Physics-Informed Neural Networks (PINNS)

Numerical examples



Solving the nonlinear optimization problem

PINNs amount to solving a nonlinear optimization problem.

For such problems, state-of-the-art approaches rely on stochastic gradient descent®,
and so require differentiating the loss function with respect to 6.

Because of the Monte-Carlo estimation, the loss function contains terms in D(Wpg, x;; 1;).

Say D contains a Laplace operator: we need to compute, among other things,
Vo AWe (Xj; uj).

These differentials are exactly computed, thanks to automatic differentiation tools.

Fortunately, these tools are already implemented in several libraries (we used pytorch).

“Namely, on the ADAM algorithm: see D. Kingma and J. Ba, (2015).
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Implementation details

PINNs are implemented in scimba®, developed in-house in the MACARON team.

The networks have 5 hidden layers of 20 neurons each, and ¢ = tanh. In total, W/, has
1761 parameters (one can compare this to a FEM with 1761 degrees of freedom). We train
for 2500 epochs (number of descent steps) and N, = 5000 Monte-Carlo samples.

All computations are run on a single GPU, an AMD Instinct MI210.

We present PINN solutions, for several Q and f, of a four-dimensional parametric BVP

AW(X; u) + BW(x; p) =f(x;u)  for (x,u) € Q x M,
W(x;u)=0 for (x,u) € 0Q x M.

5freely accessible at https://gitlab.inria.fr/scimba/scimba
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Square domain, with a boundary loss function

loss history

103

—— total loss
—— residual
— bc

102 4

101 .

100 .

0 500 1000 1500 2000 2500

elapsed time: ~ 65 seconds
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Square domain, with a boundary loss function

prediction, parameters = 1.67, 1.23 error, parameters = 1.67, 1.23

1.0 1.0
.60 0.009
0.8 {5 038 0.008
147 0.007
0.6 1.26 0.61 006
1.05 0.005
0.4 0.84 0.4 G008
0.63 0.003
0.2 0.42 0.2 0.002
0.21 0.001
0.0 0.00 0.0 - - 2 0.000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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Square domain, with a boundary loss function

prediction, parameters = 1.07, 1.40

1.0
1.44

0.01125
1.28

e 0.01000
1.12

0.00875

06 GEl 0.00750

B 0.00625

0.4 DY 0.00500

Q4S8 0.00375

0.2 052 0.00250

0.16 0.00125

0.0 0.00 0.00000

0.0 0.2 0.4 0.6 0.8 1.0
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Square domain, with a boundary loss function

prediction, parameters = 1.27, 1.97

1.0
2.34 0.01512
2.08

08 0.01344
£52 0.01176

06 153 0.01008
1.30 0.00840

0.4 1.04 0.00672
0.78 0.00504

0.2 0.52 0.00336
0.26 0.00168

0.0 0.00 o= L 0.00000

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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Square domain, hard-constrained boundary conditions

loss history
—— total loss
—— residual
102 4
101 B
100 4
]_0—1 4
102 4

0 500 1000 1500 2000 2500

elapsed time: ~ 50 seconds
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Square domain, hard-constrained boundary conditions

prediction, parameters = 1.67, 1.23 error, parameters = 1.67, 1.23

1.0 1.0
1.89 0.001656
0.8 1.68 08 0.001472
1.47 0.001288
0.6 1.26 0.6 0.001104
1.05 0.000920
0.4 0.84 0.4 0.000736
0.63 0.000552
0.2 0.42 0.2 0.000368
0.21 0.000184
0.0 0.00 0.0 0.000000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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Square domain, hard-constrained boundary conditions

prediction, parameters = 1.07, 1.40 error, parameters = 1.07, 1.40

1.0 1.0

1.404 0.00198

1. 0.00176
0.8 288 0.8

1.092 0.00154
0.6 0.936 0.6 0.00132

0.780 0.00110
0.4 0.624 0.4 0.00088

0.468 0.00066
0.2 0.312 0.2 0.00044

0.156 0.00022
0.0 0.000 0.0 0.00000

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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Square domain, hard-constrained boundary conditions

prediction, parameters = 1.27, 1.97 error, parameters = 1.27, 1.97

1.0 1.0
ASE 0.00828
08 2.00 0.8 0.00736
175 0.00644
0.6 1.50 0.6 000552
1.25 0.00460
0.4 1.00 0.4 0.00368
0.75 0.00276
0.2 0.50 02 0.00184
025 0.00092
0.0 0.00 0.0 0.00000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 02 0.4 0.6 0.8 1.0
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Potato-like domain with a hole, with a boundary loss function

loss history

102 4
—— total loss

—— residual
10° 4 — bc

100 .

0 500 1000 1500 2000 2500

elapsed time: ~ 85 seconds
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Potato-like domain with a hole, with a boundary loss function

residual, parameters = 1.25, 1.49

prediction, parameters = 1.25, 1.49

1.00 1 = 0.864 1.00 1 0864
0.75 0.768 0.75 0.768
0.50 0.672 0.50 A 0.672
0.576
0.25 1 0.25 1 0.576
DA% 0.480
0.00 0.00 A '
etz 0.384
0.25 0.25 A
0:258 0.288
0.50 0.192 0.50 1 0.192
0.75 0.096 0.75 4 AR
0.000 1.00 0.000

—1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 —1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00
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Potato-like domain with a hole, with a boundary loss function

prediction, parameters = 1.53, 1.03

residual, parameters = 1.53, 1.03

1.00
0.756 1.188
B 0.672 1.056
0.50 A 0.588 0.924
0.25 B0 0.792
0.420
0.00 4 0.660
0.336 0.528
0.25 A
0.252 0.396
0507 0.168 0.264
0.75 0.084 0.132
. . : : . : . 0.000 0.000
-1.00-0.75 -0.50 —=0.25 0.00 0.25 0.50 0.75 1.00
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Potato-like domain with a hole, with a boundary loss function

prediction, parameters = 1.77, 1.10

residual, parameters = 1.77, 1.10

1.00 Aem 1.00 225
0.75 0.840 0.75 AR
0.50 0.735 0.50 1.75
0.25 0.630 0.25 1 1.50
0525 125

0.00 A 0.00 A
0.420 1.00

0.25 A 0.25 A
0315 0.75
0.50 A B0 0.50 A 050
0.75 0.105 0.75 0.25
e e e T 0.000 1.00 - 0.00

-1.00-0.75 -0.50 —=0.25 0.00 0.25 0.50 0.75 1.00 ~1.00 -0.75 -0.50 —=0.25 0.00 0.25 0.50 0.75 1.00
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Hybridizing the finite element method and PINNs



Context of hybrid methods

Advantages of the finite element method (FEM)

- The FEM is provably convergent: more DOFs lead to a more accurate solution.
- Optimized software is widely used in industry and academia.
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Context of hybrid methods

Advantages of the finite element method (FEM)

- The FEM is provably convergent: more DOFs lead to a more accurate solution.
- Optimized software is widely used in industry and academia.

Advantages of PINNs
« PINNs are mesh-less, which is good for e.g. complex geometries.
+ High-dimensional parametric problems are easily tackled.
- Once the network is trained, the solution inference is quick.
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Context of hybrid methods

Advantages of the finite element method (FEM)

- The FEM is provably convergent: more DOFs lead to a more accurate solution.
- Optimized software is widely used in industry and academia.

Advantages of PINNs
« PINNs are mesh-less, which is good for e.g. complex geometries.
+ High-dimensional parametric problems are easily tackled.
- Once the network is trained, the solution inference is quick.

Hybrid methods seek to combine the best of both worlds: in our case, using a PINN to
of the FEM solution while retaining its
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Correcting the FEM with PINNs

We consider a parametric elliptic PDE D(u, x; u) = 0.
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Correcting the FEM with PINNs

We consider a parametric elliptic PDE D(u, x; u) = 0.

We propose a two-step hybrid method:
1. Offline phase: train a neural network (e.g. a parametric PINN) to approximate a
large family of solutions to the PDE;

2. Online phase: use the trained network to correct the FEM approximation space, and
run the FEM simulation on a coarse grid.
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Classical finite element method

The classical FEM relies on the following steps.

1. Rewrite the PDE D(u, x; u) = 0 as a variational problem:
Find u € V such that a(u,v) =£(v) Vv eV,
where V = H{'(Q) is a Hilbert space, a a bilinear form, and ¢ a linear form.

2. Discretize the domain Q and introduce V, a finite-dimensional subspace of V, to get
Find u, € V}, such that a(up, v,) = 0(v,) Vv, € V.

3. Solve the above linear system to get the approximation uy, of u.
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Classical finite element method

The classical FEM relies on the following steps.

1. Rewrite the PDE D(u, x; u) = 0 as a variational problem:
Find u € V such that a(u,v) =£(v) Vv eV,
where V = H{'(Q) is a Hilbert space, a a bilinear form, and ¢ a linear form.

2. Discretize the domain Q and introduce V, a finite-dimensional subspace of V, to get
Find u, € V}, such that a(up, v,) = 0(v,) Vv, € V.

3. Solve the above linear system to get the approximation uy, of u.

The approximation space V}, is made of piecewise polynomial functions on the mesh T;:

Vi = {vh € HF(Q)NC°(Q) suchthat VK € Tp, vp|, € Pg(K)}.

Victor Michel-Dansac | Hybrid methods for elliptic and hyperbolic PDEs | Ecole du RT T&E, Nouan-le-Fuzelier 22/54



Enhancing the approximation space

Assume that we have a prior® ug € HJ'(Q) on the solution u.

~+ How to use ug to improve the FEM solution?

6Here, given by a PINN, but that is not necessarily the case.
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Enhancing the approximation space

Assume that we have a prior® ug € HJ'(Q) on the solution u.

~+ How to use ug to improve the FEM solution?

We suggest to modify the FEM approximation space, replacing Vj, by V;", defined by:
Vy ={vn=Ue +py, Py €Vn}.

Since ug € H{'(Q), V;" remains a subspace of H{'(Q), like Vj.

6Here, given by a PINN, but that is not necessarily the case.
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Enhancing the approximation space

Assume that we have a prior® ug € H'(Q) on the solution u.

~ How to use ug to improve the FEM solution?

We suggest to modify the FEM approximation space, replacing V,, by V;7, defined by:

V;r:{vh:Ue —Q—p,f, pthEVh}
Since ug € H{'(Q), V," remains a subspace of Hg'(Q), like Vj.
The discrete variational problem becomes’:

Find uj, € V}, such that Find u; € V," such that
Vi, € Vi, a(Upy Vi) = €(vp) VVp € Vi, alUp, Vi) = €(vh)

6Here, given by a PINN, but that is not necessarily the case.
"This sets the method in the Petrov-Galerkin framework, where trial and test spaces are different.
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Enhancing the approximation space

Assume that we have a prior® ug € HJ'(Q) on the solution u.

~+ How to use ug to improve the FEM solution?

We suggest to modify the FEM approximation space, replacing Vj, by V;", defined by:
Vil ={vh=ue+p;, p; €Vn}.

Since ug € H{'(Q), V;" remains a subspace of H{'(Q), like Vj.

The discrete variational problem becomes’:

Find u) € V," such that Find p; € V}, such that
YWk € Vi, a(uf,va) = €(vy) W € Vi, a(py,vn) = L(vy) — alug, vp).

6Here, given by a PINN, but that is not necessarily the case.
"This sets the method in the Petrov-Galerkin framework, where trial and test spaces are different.
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Error analysis (proof in appendix)

Equipped with the modified approximation space, we now perform an error analysis.

Theorem: Let u € H{' be the exact solution of the BVP, ug € 3{'(Q) a prior on u, and
uf € V! the enhanced FEM solution (considering P4 polynomials, with m < g). Then:

U—ul||ym < CE
h ~

gain hq_H_m ‘ U|Hq+1 .
_—

classical FEM error
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Error analysis (proof in appendix)

Equipped with the modified approximation space, we now perform an error analysis.

Theorem: Let u € H{' be the exact solution of the BVP, ug € 3{'(Q) a prior on u, and
uf € V! the enhanced FEM solution (considering P4 polynomials, with m < g). Then:

u—u; Hm<C+
h ~

gain

hq_H_m‘U|Hq+1 .
-

classical FEM error

In this result, the constant
U — Uglyg+
C“z!m - O‘H‘
- U‘Ha ]

represents the potential gain compared to the error of the classical FEM.

Key remark: The prior ug must be a good approximation of the (g + 1)™" derivative of u.
This is why we use PINNs, rather than purely data-driven priors!
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Summary

This hybrid method can be seen as
- enhancing the FEM approximation space with a PINN prior, to get V,';
- or ensuring the convergence of a PINN approximation by using a coarse FEM.

Remark: The hybrid method consists in offline and online parts:
Offline: Train the PINN on the parametric PDE (potentially time-consuming).
Online: There are two online substeps:

1. evaluate the NN at Gauss points to compute the approximation space,
2. use a regular, coarse FEM solver with the new approximation space.

NN inference is quick, so the online cost of using the NN is negligible!
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4D Poisson problem

First, we tackle the following 4D PDE (2D in space, with two parameters):

—Au=f inQ,
u=20 on 0Q),

with Q = (—%, 5)?, parameters x?,x3 ~ U(—0.5,0.5) and exact solution

u(x1,X2; X3, X3) = sin(2x7) sin(2x,) exp (—;((x1 —x9)? + (x, —x§)2)>.
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4D Poisson problem

First, we tackle the following 4D PDE (2D in space, with two parameters):

—Au=f inQ,
u=20 on 0Q),

with Q = (—%, 5)?, parameters x?,x3 ~ U(—0.5,0.5) and exact solution

u(x1,X2; X3, X3) = sin(2x7) sin(2x,) exp (—;((X1 —x9)? + (x, —x§)2)>.

With a given g, we compare, averaging over 50 values of the parameters (x?, x9), the
relative L? errors of the enhanced PP, FEM (with approximation space V,") to

- the classical P, FEM (with approximation space Vj,);
+ the results of the PINN.
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4D Poisson problem - gains

We add a component to the loss function: the derivatives with respect to the parameters

1050 (Aue + f)I| + [[9yg (Ao + -
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4D Poisson problem - gains

We add a component to the loss function: the derivatives with respect to the parameters

1050 (Aue + f)I| + [[9yg (Ao + -

Gains (L2 error):
ours w.r.t. PINNs

Gains (L2 error):
ours w.rt. FEM

N min max mean

q min max  mean
17 20 18.28 66.19 43.42 24379 8743  633.45
1 40 73.45 272.36 176.52 241.8 843.29 621.68
2 20 362.57 2,052.78 1,025.28 177.74  476.76  376.16
2 40 3,081.22 17,532.62 8,725.57 177.16 472,55 371.93
3 20 4,879.13 32,757.68 14,646.89  116.52 298.33 208.35
3 40 88,736.63 587,716.86 264,383.45 117.46 296.34 208.29
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4D Poisson problem - convergence

L% error,q =1 L? error,q =2

107" ¢
1073

1073 ¢ 10-5 |

1075 | 107 1

2 3
1 =.dL 1
107+ . . . : N o . . . . : N
16 32 64 128 256 16 32 64 128 256

—8— FEM (using Vj,) —e— enhanced FEM (using V,")
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4D Poisson problem - computation time

We now compare computation times: we record the mesh size and the computation

time T (excluding training time! see next slide) required to reach an error E.

L? error, g =1

e

103 10

Vi, 120 373

Vi 8 25
gain 15 1409

Vi 43 424
Vi 024 193

gain 179 220

—8— FEM (using Vi) —— enhanced FEM (using V,")
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4D Poisson problem - training time and parametric PDEs

We study the cost-effectiveness of our method in for parametric PDEs.

Namely, we run n, simulations with n, different parameter sets.

The total time to perform n, simulations is the following:
for Vi: TR = n, x Ty,; for Vi TR = Trvaining + p X Ty,r-

To reach an error of 1073, T, ~ 43s and th+ ~ 0.24s.
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4D Poisson problem - training time and parametric PDEs

We study the cost-effectiveness of our method in for parametric PDEs.

Namely, we run n, simulations with n, different parameter sets.

The total time to perform n, simulations is the following:
for Vi: TR = n, x Ty,; for Vi TR = Trvaining + p X Ty,r-

To reach an error of 1073, T, ~ 43s and th+ ~ 0.24s.

Therefore, with a training time Ty,iying ~ 240s, our method is cost-effective for n, > 6.

This figure also depends on g and on the error one wishes to reach for each simulation.

Also, our FEM code is not highly optimized; with a faster code, n, would be larger.
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4D Poisson problem on a donut

We now consider the Poisson problem on a donut, with Dirichlet boundary conditions.

reference, parameters = 0.18, 0.25

1.00 A 0.27
0.75 A 0.24
0.50 0.21
0.18

0.25 A
0.15

0.00 A
0.12

—0.25 A1
0.09

—0.50 A
0.06
—0.75 A 0.03
-1.00 0.00

-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00
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Poisson problem on a donut - gains

Gains (L2 error): Gains (L2 error):

ours w.r.t. PINNs ours w.r.t. FEM
N min max mean min max mean
20 10.18 35.8 19.49 7117  254.32 153.44
40 33.35 125.03 65.64 63.93 199.95 131.06
189.1 1,331.27 485.95 32.47 80.69 58.98

40  1,241.42 9,686.46 3,261.71  30.57 74.15  54.09

20 5,630.17  39,651.58 14,987.25 15.73 32.1 23.07
40 74,794.74 573,631.63 202,631.9 13.67 29.52  20.57

W wlNvNN|=2 e
)
o
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Well-balanced DG methods using bases enriched with PINNs



Well-balanced DG methods using bases enriched with PINNs

Why do we need well-balanced methods?



Tsunami simulation: naive numerical method

Tsunami initialization Simulation with a naive numerical method

@
)
<]
=
>
@
I
2
&
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Tsunami simulation: naive numerical method

Tsunami initialization Simulation with a naive numerical method
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Tsunami simulation: failure

~» The simulation is not usable!

Indeed, the ocean at rest, far from the tsunami, started spontaneously producing waves.

This comes from the non-preservation of stationary solutions, hence the need to

develop numerical methods that preserve stationary solutions: so-called well-balanced
methods.
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Tsunami simulation: well-balanced method

;. *&/

Free Surface
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Tsunami simulation: well-balanced method

. *&/"

Free Surface
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Tsunami simulation: well-balanced method

W
v

Free Surface
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Objectives

The goal of this work is to provide a numerical method which:

- is able to deal with generic systems of balance laws,
- can provide a very good approximation of families of steady solutions,
« is as accurate as classical methods on unsteady solutions,

- with provable convergence estimates.

To that end, we select the Discontinuous Galerkin (DG) framework.
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Well-balanced DG methods using bases enriched with PINNs

Example of a physical model: the shallow water equations



The shallow water equations

The shallow water equations are governed by the following PDE:

dth + 95 =0,

2
0:q + Ox (7} + 29h2> = —ghoyZ(x).

* h(x,t): water depth

* u(x,t): water velocity
g = hu: water discharge
+ Z(x): known topography

+ g: gravity constant
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The shallow water equations: steady solutions

The steady solutions of the shallow water equations are governed by the following ODEs:

0xq =0, g = cst = qo,
Ox i + 1gh2 = —ghdxZ(x) . 95 +g(h+2) =cst

h 2 ) 2h2 :

hix) If the velocity vanishes, i.e.
go = 0, we obtain the lake at
Ho rest steady solution:
Z(x) h+Z = cst = H,.
- X
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The shallow water equations: steady solutions

The steady solutions of the shallow water equations are governed by the following ODEs:

0xq =0, g = cst = qo,
9 q—2+1h2 = —ghd,Z(x) - 9% h+27) = cst
“\ h 29 = —gnox ) ﬁ-i-g( +Z) = cst.

For a nonzero discharge

go # 0, we obtain a moving
steady solution: h(x) satisfies
a polynomial equation of de-
gree 3 for all x.
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Well-balanced DG methods using bases enriched with PINNs

Numerical method overview: Discontinuous Galerkin



Finite volume method, visualized
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Discontinuous Galerkin, visualized
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Discontinuous Galerkin: an example

On the previous slide, the data W is represented by

- a polynomial of degree 2 in each cell (Galerkin approximation),

« which is Discontinuous at interfaces between cells.
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Discontinuous Galerkin: an example

On the previous slide, the data W is represented by

- a polynomial of degree 2 in each cell (Galerkin approximation),

« which is Discontinuous at interfaces between cells.

Therefore, in each cell Q;, W is approximated by
2 .
W’Q. ~ WiDG = &g + X + opx® = Z oyx,
j=0

where the polynomial coefficients «g, &q and «, are determined to ensure fitness
between the continuous data and its polynomial approximation.

Any polynomial of degree two can be exactly represented this way.

Victor Michel-Dansac | Hybrid methods for elliptic and hyperbolic PDEs | Ecole du RT T&E, Nouan-le-Fuzelier

41/54



Discontinuous Galerkin: polynomial basis

More generally, we define a polynomial basis ¢q, ..., @y on each cell Q; and
approximate the solution in this basis.

A usual example is the following so-called modal basis:

Vj €{0,...,N}, @j(x)=x.
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Discontinuous Galerkin: polynomial basis

More generally, we define a polynomial basis ¢q, ..., @y on each cell Q; and
approximate the solution in this basis.

A usual example is the following so-called modal basis:
Vj €{0,...,N}, @j(x)=x.

Main takeaway: The DG scheme is exact on every function that can be exactly
represented in the basis!
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Well-balanced DG methods using bases enriched with PINNs

Enhancing DG with Scientific Machine Learning



Main idea

Recall that the DG scheme will be exact on every function that can be exactly
represented in the DG basis, as soon as it is also a solution to the PDE.
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Main idea

Recall that the DG scheme will be exact on every function that can be exactly
represented in the DG basis, as soon as it is also a solution to the PDE.

Main idea
Enhance the DG basis by using the steady solution!

~ If the steady solution or an approximation thereof is contained in the basis, then:
« using the exact steady solution in the basis will make the scheme exactly well-
balanced;

- using an approximation of the steady solution will make the scheme approximately
well-balanced.
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Enhanced DG bases

Assume that you know a prior /5 on the steady solution.

It can be the exact steady solution (We = Weg), Or it can be an approximation (We ~ We).

The goal is now to enhance the modal basis V using We:

V={1,xx...,x".
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Enhanced DG bases

Assume that you know a prior /5 on the steady solution.

It can be the exact steady solution (We = Weg), Or it can be an approximation (We ~ We).
The goal is now to enhance the modal basis V using We:

V={1,xx...,x".

First possibility: multiply the whole basis by Wy

Vf :{WO,X VVO)X2 WO,...,XN WQ}.
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Enhanced DG bases

Assume that you know a prior /5 on the steady solution.

It can be the exact steady solution (We = Weg), Or it can be an approximation (We ~ We).
The goal is now to enhance the modal basis V using We:

V={1,xx...,x".

First possibility: multiply the whole basis by Wy

Vf :{WQ,X VVQ,X2 Wo,...,XN Wo}.

Second possibility: replace the first element with Wy

VO = (W, x, %%, ..., x"}.
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Error estimates

We denote by:

+ Wey the exact solution,
+ Wps the approximate solution without prior,
- W3 the approximate solution with prior W and basis V.

For a DG scheme of order g + 1, we obtain® the following error estimates:

||Wex - WDG” S }WeX|Hq+'I AXQ+1)

[|Wex — WSG S AxIH! [We

Ha+1

L\ .
We

Conclusion of the error estimates: the prior Wy needs to provide a good approximation
of the derivatives of the steady solution.

8Rigorous error estimates are written in terms of the error in the projection onto both bases.
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Obtaining a prior

For very simple systems, one can use the exact steady solution as a prior.

However, in many cases, even for some simple and well-known systems, one cannot
compute the exact steady solution. Therefore, an approximation is required.

How to obtain such an approximation?
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Obtaining a prior

For very simple systems, one can use the exact steady solution as a prior.

However, in many cases, even for some simple and well-known systems, one cannot
compute the exact steady solution. Therefore, an approximation is required.

How to obtain such an approximation?

1. First possibility: use a traditional numerical approximation, obtained by classical
ODE solvers (e.g. Runge-Kutta schemes).

2. Second possibility: use a Physics-Informed Neural Network (PINN).

Since we need a good approximation of the derivatives, we use a PINN.

Next step: Validate the method with several numerical experiments.
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Well-balanced DG methods using bases enriched with PINNs

Validation



Setup: the advection equation

We run experiments on the advection equation with source term, with a given initial

condition Wy : R — R:
oW + coyW = aW + bW?  forx e (0,1), te (0,T),
W(0,x) = Wp(x) forx € (0,1),
W(t,0) = ug fort e (0,T).

The steady solution Weq satisfies the BVP
COxWeq — aWeq —bWZ, =0 forx € (0,1),
Weq(o) = Uo,

whose unique solution is, with parameters u = {a, b, ¢, ug}:
Qaug
(a+ bugle= < —bug

Weq(X; 1) =
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Advection equation: loss function

Thanks to the boundary ansatz and the ODE loss, the final loss function does not need
any data, and there is no competition between loss functions: we get

P — =9 2
3(0) :J J Hcaxwe—awe—bwe szxdp,
PJO

with the ansatz

Wo = U + x Wy,
with Wg the result of the neural network.

In practice, we take ¢ = 1 and make sure the steady solution is well-defined, by taking
P = {(a,b,up) € (0.5,1) x (0.5,1) x (0.1,0.2)}.

Hence, the neural network is a function Wg € C®(R x R3 R).
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PINNs as a DG prior: unperturbed steady solution

We use the DG scheme to solve the advection equation with the steady solution as
initial condition:

oW+ o,W =aW + bW?  forx e (0,1), t e (0,T),

W(0,x) = Weq(x) for x € (0,1),

W(t,0) = ug fort e (0,T).

We expect the DG scheme with prior:

- to provide a better approximation of the steady solution than the classical DG
scheme (approximate well-balanced property),

- while converging with the same order of accuracy.
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PINNs as a DG prior: unperturbed steady solution

We compute the errors in x between the exact and approximate solutions:

- for several numbers of basis elements and discretization cells,
 using a = 0.75; b = 0.75; ug = 0.15.

without prior with prior
cells error order error order gain
10 1.75-1072 = 1.45.107° = 1200.02
20 8.75-10~3 1.00 7.61-107% 0.93 1149.11
40 438-1073° 1.00 392-10°% 096 1118.29
80 219-103  1.00 2.00-107% 0.97 1098.77

160 110-10~%  1.00 1.01-10°® 0.98 1085.96

(a) Errors with a basis composed of one element.
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PINNs as a DG prior: unperturbed steady solution

We compute the errors in x between the exact and approximate solutions:

- for several numbers of basis elements and discretization cells,
 using a = 0.75; b = 0.75; ug = 0.15.

without prior with prior
cells error order error order  gain
10 4.93.10~* = 2.18-107° = 226.00
20 1.24-10%  2.00 3.20-1077 2.77 386.66
40 3.09-10~> 2.00 8.07-107% 1.99 382.88
80 7.72-107%  2.00 2.05-107% 198 376.52

160 1.93-107%  2.00 5.16-107° 199  374.49

(b) Errors with a basis composed of two elements.
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PINNs as a DG prior: unperturbed steady solution

We compute the errors in x between the exact and approximate solutions:

- for several numbers of basis elements and discretization cells,
 using a = 0.75; b = 0.75; ug = 0.15.

without prior with prior
cells error order error order  gain
10 7.89-10° = 1.00-10~7 = 78.58
20 9.94-10~7 2.99 1.33-10°8 291 74.60
40 1.24-10~7  3.00 1.72-107° 2.95 72.13
80 1.55-10%  3.00 2.17-107° 2,99 71.43
160 1.94-10~°  3.00 272-107"  3.00 71.25

(c) Errors with a basis composed of three elements.
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PINNs as a DG prior: unperturbed steady solution

We compute the errors in x between the exact and approximate solutions:

- for several numbers of basis elements and discretization cells,
 using a = 0.75; b = 0.75; ug = 0.15.

without prior with prior
cells error order error order  gain
10 1.20-10~7 = 8.31-10~° = 14.40
20 7.39-107° 4.02 5.51-1071° 391 13.40
40 4.59-107"° 4,01 3.48-10""  3.99 13.19
80 2.92-107" 398 2.20-107"  3.99 13.27

160 1.85-10"2  3.98 1.29-107"  4.10 14.38

(d) Errors with a basis composed of four elements.
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PINNs as a DG prior: unperturbed steady solution

To study the influence of the parameters, we compute some statistics on the gains with
1000 random sets of parameters in P, for a DG scheme of order g + 1.

q minimum gain average gain maximum gain
0 63.46 735.08 4571.89
1 32.22 149.38 450.74
2 6.20 54.16 118.45
3 1.55 19.54 108.10
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PINNs as a DG prior: computation time

We also compare the computation time in bases V and V¢:

- assembly time records meshing the domain and assembling the DG matrices (which re-

quires evaluating the prior);
+ scheme time records performing a full time loop of the DG scheme.

Computation times are reported in seconds.

without prior with prior
cells assembly scheme total assembly  scheme total ratio
10 7.08e-4 1.98e-2  2.06e-2 5.98e-3 1.98e-2 2.58e-2 1.26
20 6.78e-4 3.77e-2  3.84e-2 5.81e-3 3.78e-2  4.36e-2 1.14
40 7.18e-4 7.70e-2  7.77e-2 6.04e-3 7.70e-2  8.30e-2 1.07
80 7.41e-4 1.57e-1  1.57e-1 6.24e-3 1.57e-1 1.63e-1 1.04
160 7.61le-4 3.16e-1  3.17e-1 6.40e-3 3.13e-1  3.20e-1 1.01

(e) Computation time with a basis composed of one element.
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PINNs as a DG prior: computation time

We also compare the computation time in bases V and V¢:

- assembly time records meshing the domain and assembling the DG matrices (which re-
quires evaluating the prior);
+ scheme time records performing a full time loop of the DG scheme.

Computation times are reported in seconds.

without prior with prior

cells assembly scheme total assembly  scheme total ratio

10 7.45e-4 4.07e-2  4.1k4e-2 5.81e-3 4.19e-2  4.78e-2 115
20 7.52e-4 8.19e-2  8.27e-2 5.94e-3 8.15e-2  8.74e-2  1.06
40 8.09e-4 1%777.2 1 SN/ e Sl 6.09e-3 1.68e-1 1.74e-1 1.01
80 8.43e-4 3.52e-1 3.53e-1 6.12e-3 3.50e-1 3.56e-1 1.01
160 1.00e-3 7.45e-1  7.46e-1 6.50e-3 7.44e-1  7.50e-1  1.00

(f) Computation time with a basis composed of two elements.
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PINNs as a DG prior: computation time

We also compare the computation time in bases V and V¢:

- assembly time records meshing the domain and assembling the DG matrices (which re-
quires evaluating the prior);
+ scheme time records performing a full time loop of the DG scheme.

Computation times are reported in seconds.

without prior with prior

cells assembly scheme total assembly  scheme total ratio

10 8.86e-4 4.04e-2  4.13e-2 6.17e-3 4.10e-2  4.72e-2 114
20 9.28e-4 8.21e-2  8.31e-2 6.14e-3 8.41e-2  9.03e-2 1.09
40 9.84e-4 1.75e-1  1.76e-1 6.32e-3 1.75e-1  1.81e-1 1.03
80 1.04e-3 3.60e-1 3.6le-1 6.39e-3 3.63e-1 3.69e-1 1.02
160 1.15e-3 7.95e-1  7.96e-1 6.94e-3 7.98e-1 8.05e-1 1.01

(g) Computation time with a basis composed of three elements.
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PINNs as a DG prior: computation time

We also compare the computation time in bases V and V¢:

- assembly time records meshing the domain and assembling the DG matrices (which re-
quires evaluating the prior);
+ scheme time records performing a full time loop of the DG scheme.

Computation times are reported in seconds.

without prior with prior

cells assembly scheme total assembly  scheme total ratio

10 1.02e-3 7.25e-2  7.35e-2 6.31e-3 7.25e-2  7.88e-2  1.07
20 1.03e-3 1.47e-1  1.48e-1 6.35e-3 1.47e-1 1.53e-1 1.04
40 INIsless 3.07e-1  3.08e-1 6.49e-3 3.00e-1  3.06e-1  1.00
80 1.24e-3 6.47e-1  6.48e-1 6.67e-3 6.50e-1 6.56e-1 1.01
160 1.34e-3 1.49 1.49 7.12e-3 1.50 1.50 1.01

(h) Computation time with a basis composed of four elements.
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Perturbation of a shallow water steady solution

1.7 1.8 1.9 2

PINN trained on a parametric
steady solution, driven by the to-

pography

Z(x; w) = Texp(ex(rg — [IX]1*),
with physical parameters

« € [0.25,0.75],
pelP «— (T €]0.1,0.4],
ro € [0.5,1.25].

Left plot: initial condition, made of
a perturbed steady solution.

-3 -2 - 0 1 2 3
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Perturbation of a shallow water steady solution

—0.03 —0.02 —0.01 0 —0.04 —0.03 —0.02 —-0.01 0

®,

-3 -2 -1 0 1 2
(a) classical basis (b) enhanced basis

w

-3 -2 -1 0 1 2 3
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Perturbation of a shallow water steady solution

—0.03 —0.02 —0.01 0 —0.03 —0.02 —0.01 0

©

-3 -2 -1 0 1 2 3

w

-3 -2 -1 0 1 2
(a) classical basis (b) enhanced basis
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Conclusion

We introduced

« a framework for approximating solutions to PDEs with linear or nonlinear functions,
- physics-informed neural networks (PINNs),

+ a hybrid method between FEM and PINNs, applied to elliptic problems,

- a hybrid method blending physics-informed learning and DG bases.

Perspectives include

- tackling time-dependent solutions,
- going to complex three-dimensional geometries and richer PDEs.

Related paper: E. Franck, V. Michel-Dansac and L. Navoret.
“Approximately WB DG methods using bases enriched with PINNs.”, J. Comput. Phys., 2024
git repository: https://github.com/Victor-MichelDansac/DG-PINNs

Victor Michel-Dansac | Hybrid methods for elliptic and hyperbolic PDEs | Ecole du RT T&E, Nouan-le-Fuzelier 54/54


https://github.com/Victor-MichelDansac/DG-PINNs

Thank you for your attention!



Exact imposition of the boundary conditions

For the moment, the boundary conditions are viewed as constraints, and the solution
will not exactly satisfy them.

This can be remedied by introducing a suitable ansatz’. To that end, we define
We = B(We, x, t:n), suchthat We(x,t;n) =g(x,t;n) forx e dQ.

Clearly, the new approximate solution Wy exactly satifies the boundary conditions.

Moreover, the boundary loss function can be eliminated, thus reducing competition
between the loss functions.

~ How to get such an ansatz? We check on an example.

°I. E. Lagaris et al., IEEE Trans. Neural Netw. (1998)



Exact imposition of the boundary conditions: example

Let us go back to the parameterized Laplace equation, where p = («, B):

AW(X;u) + BW(x; ) =f(x;u)  for (x,u) € Q x P,
W(x;u) =0 for (x,u) € 0Q x P.

Homogeneous Dirichlet BC are imposed on Q = (0,1)?, and so we define the ansatz
Wo = B(Wo,X; ) = X1(1— X1) X2(1 — X3) We.
This obviously satisfies the boundary conditions, since Vx & 00, W (x: 1) = 0.

Therefore, the loss function only has to ensure that We approximates the solution to the
PDE in the interior of Q, through minimizing the loss function

— — 2
Gooe (6) = L» JQHAWB (6 ) + BWo x; 1) — F0x; )| .



High-frequency problem: spectral bias of MLPs
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High-frequency problem: spectral bias of MLPs
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High-frequency problem: spectral bias of MLPs
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High-frequency problem: spectral bias of MLPs
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High-frequency problem: spectral bias of MLPs
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High-frequency problem: with Fourier features

To overcome the spectral bias of MLPs, we can use Fourier features'®.
In this case, we replace the call to the neural network, going from Wg(x; 1) to
We (X; w, sin(7ta;x), cos(7tb1x), . .., sin(mtagx), cos(mtbgx)),

with K € N the number of Fourier features and (aq;);, (b;); the trainable frequencies.

105ee [M. Tancik et al, (2021)], but other methods exist, such as Finite Basis PINNs (FBPINNSs, see [V. Dolean et
al., Comput. Method. Appl. M. (2024)]).



High-frequency problem: with Fourier features
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High-frequency problem: with Fourier features
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High-frequency problem: with Fourier features

prediction, parameters = 1.07, 1.40
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High-frequency problem: with Fourier features

prediction, parameters = 1.27, 1.97 error, parameters = 1.27, 1.97
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Monte-Carlo integration: convergence

Consider an integrable and bounded function f : Q x (0,T) — R, and define (Xi, Tx)r a
sequence of independent random variables, uniformly sampled in Q x (0, T).

We wish to give an approximation to

I:JQJTf(x,t) dtdx.

0

An estimator of / is the following:

n

~ QT )
"= | Zf(xlex-rfe)-
k=1

n
Since the (X, T ), are uniformly sampled, we get

1 T
EIf (Xe Tl = 577 JQ JO Fix,t) dtdx.

Hence, applying the law of large numbers tells us that, with probability 1, I — I.



Monte-Carlo integration: convergence speed

We can also determine the convergence speed of the Monte-Carlo method, assuming
that f2 is integrable.

The central limit theorem allows us to state that

Vn(in — 1) — N(0, 0?),

n—oo

and so, for large enough n and with probability 1,

This result is independent of the dimension d of Q! Contrast this with, for instance, the
trapezoidal rule, with an error in O(n—19).



Error analysis - proof

To prove this result, we adapt the proof of Céa’s lemma to the additive prior case.

The numerical solution uj’ is given for all x € Q by
Uy (x) = ue (x) + py (X),

with p € V}, c V solution of the new discrete variational problem. We have
Pn

alu—uu—uf)=a(u—uy,(u—ue)—py)
=a(u—uf,(u—ue)—p; —Vh+Vh), Vv, € Vy,
=a(u—ul,(u—ug)—vy) +a(u—ug,vp—py), Yy € V.

We will estimate both terms, one by one.



Error analysis - proof (cont'd)

Let us first estimate the second term: a(u — u;", v, — p;").

Using that V,, C V, we have, by Galerkin orthogonality,
a(u—uy,vy) =0, Vv, € Vy
The above equality is valid for all v, € V4, and v, — p; € V},. Therefore, we obtain

a(u—up,va—p}) =0, Vv, €V

The second term therefore vanishes, and we are left with the first one:

alu—uf u—uf)=a(u—uy,(u—ue)—Vvp), Vvh€ V.



Error analysis - proof (cont'd)

Denoting by o and y the coercivity and continuity constants of a, we have
o||lu—uf ||Hm <a(u—uf,u—uf)=a(u—uy, (u—ueg)—Vvy), W, € Vp,
<Vlu =ty [ (= uo) = vl s Wh € Vi,
which immediately leads to
lu—uf flum < %H(U—Ug) —Vhllyms  WVh € Vp.

Applying the above relation to v, = J,(u — ug) with Jj, the Lagrange interpolator, and
invoking classical interpolation results from [A. Ern and J.-L. Guermond, (2004)], we get

HU—U+HH'“ thH Mu — uglya.

Rewriting the above equation to introduce the error of the classical FEM, we get

_ . |U = U9|Hq+1
lu— U im < Coun B Mulyers With  Cyagy = Ul
‘U|Hq+1

which completes the proof.



Enhancing the approximation space - multiplicative prior

Another possible modification of the FEM approximation space, is to replace V,, by V;:
Vi ={vph =uep;, p; € Vn}.
The discrete variational problem becomes:

Find u;* € V,* such that Find p, € Vj, such that
VYW € Vi, alup, vp) = L(vp) VVp € Vi, a(UephyVh) = €(Vp).



Enhancing the approximation space - multiplicative prior

Another possible modification of the FEM approximation space, is to replace V,, by V;:
Vi ={vh =uep;, P € Vn}.
The discrete variational problem becomes:

Find u;* € V,* such that Find p, € Vj, such that
VYW € Vi, alup, vp) = L(vp) VVp € Vi, a(UephyVh) = €(Vp).

Theorem: Let u be the exact solution of the BVP, ug € H{'(Q) a prior on u, and u;’ € V,*
the enhanced FEM solution (considering P, polynomials, with m < q). Then:

llu = uplam S Cotin WUl 1.

gain
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Another possible modification of the FEM approximation space, is to replace V,, by V;:
Vi ={vh =uep;, P € Vn}.
The discrete variational problem becomes:

Find u;* € V,* such that Find p, € Vj, such that
VYW € Vi, alup, vp) = L(vp) VVp € Vi, a(UephyVh) = €(Vp).

Theorem: Let u be the exact solution of the BVP, ug € H{'(Q) a prior on u, and u;’ € V,*
the enhanced FEM solution (considering P, polynomials, with m < q). Then:

llu = uplam S Cotin WUl 1.

gain

u

Ug

HU@ wm,

In this result, the gain constant is C_ . Beware of the division!

gain
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PINNs as a DG prior: perturbed steady solution

We use the DG scheme to solve the advection equation with a perturbation of the steady
solution as initial condition:

;W + oW = aW + bw? forx € (0,1), t € (0,7),
W(0,x) = (1+ esin(27x)) Weq(x) forx € (0,1),
W(t,0) = ug fort e (0,T).

We expect:

- both schemes to converge (in time) towards the original, unperturbed steady solu-
tion;

« the DG scheme with prior to provide a better approximation of the unperturbed
steady solution than the classical DG scheme.
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PINNs as a DG prior: perturbed steady solution
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PINNs as a DG prior: perturbed steady solution
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PINNs as a DG prior: unsteady solution

We use the DG scheme to solve the advection of a Gaussian bump:

;W + oW = aW + bW? forx € (0,1), t € (0,T),
W(0,x) = 0.1(1+ e 100x=057%)  forx € (0,1),
W(t,0) =0.1(14 e %) fort e (0,T).

We expect the prior not to alter the convergence:

- both schemes to converge with the same error rate;

« the DG scheme with prior to provide a similar approximation to the classical DG
scheme.



PINNs as a DG prior: unsteady solution

We compute the errors in x between the exact and approximate solutions:

- for several numbers of basis elements and discretization cells,
- using a = 0.75; b = 0.75; ug = 0.15.

without prior with prior
cells error order error order gain
10 4.04e-02 = 5.04e-02 = 0.80
20 3.46e-02 0.22 4.28e-02 024 0.81
40 2.84e-02 0.28 3.50e-02 0.29 0.81
80 2.15e-02 0.40 2.64e-02 040 0.81

160 1.47e-02  0.55 1.81e-02 0.55 0.81

(i) Errors with a basis composed of one element.



PINNs as a DG prior: unsteady solution

We compute the errors in x between the exact and approximate solutions:

- for several numbers of basis elements and discretization cells,
- using a = 0.75; b = 0.75; ug = 0.15.

without prior with prior
cells error order error order gain
10 1.92e-02 = 1.93e-02 = 1.00
20 6.26e-03  1.62 6.27e-03 1.62 1.00
40 1.19e-03 2.39 1.20e-03 239 1.00
80 1.99e-04  2.59 1.99e-04 259 1.00

160 4.19e-05  2.24 4.20e-05 224 1.00

(j) Errors with a basis composed of two elements.



PINNs as a DG prior: unsteady solution

We compute the errors in x between the exact and approximate solutions:

- for several numbers of basis elements and discretization cells,
- using a = 0.75; b = 0.75; ug = 0.15.

without prior with prior
cells error order error order gain
10 5.15e-03 = 5.15e-03 = 1.00
20 4.56e-04  3.50 4.56e-04 3.50 1.00
40 4.55e-05 3.32 455e-05 332 1.00
80 5.42e-06  3.07 5.42e-06 3.07 1.00

160 6.75e-07 3.01 6.75e-07 3.01 1.00

(k) Errors with a basis composed of three elements.



PINNs as a DG prior: unsteady solution

We compute the errors in x between the exact and approximate solutions:

- for several numbers of basis elements and discretization cells,
- using a = 0.75; b = 0.75; ug = 0.15.

without prior with prior
cells error order error order gain
10 4.72e-04 = 4.72e-04 = 1.00
20 2.87e-05 4.04 2.87e-05 4.04 1.00
40 1.81e-06 3.99 1.81e-06 3.99 1.00
80 1.14e-07 3.98 1.14e-07 3.98 1.00

160 7.20e-09  3.99 7.20e-09 399 1.00

(1) Errors with a basis composed of four elements.
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